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Abstract

I take a ‘circular flow’, monetary-production approach to simple re-
production in a state of self-replacing equilibrium. The main result
is that profit-equalising prices of production are proportional to real
costs. The principle of real cost is hidden in Sraffa’s ‘surplus’ ap-
proach, which instead directs attention to the role of prices as indices
of distribution. Yet the two approaches are formally equivalent. They
are merely different representations of the same theory of prices of
production.

Hence, contrary to classical and modern authors, equilibrium prices
of production do not diverge from labour values due to profit-rate
equalisation. Marx’s theoretical insight that labour-cost is conserved
in price is correct. In Sraffa’s system, the existence of a constant
of proportionality, the monetary expression of labour-time, such that
total value equals total price and total surplus-value equals total profit,
is a theorem. The mismatch between the dual systems of value and
price, traditionally known as the transformation problem, is in fact
a real-cost accounting error due to the omission of the labour-cost of
money-capital.

The analysis is restricted to single-product linear production systems
in a state of self-replacing equilibrium.
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1. INTRODUCTION

The publication of Sraffa’s Production of Commodities by Means of Commodities
(PCMC) in 1960 initiated a renaissance in the classical approach to value and income
distribution [37]. Sraffa’s theoretical insights were subsequently employed to critique
the neoclassical or marginal theory of value [10] and the Marxist labour theory of
value [77, 42]. Theories of economic value try to identify price-independent parame-
ters that are the ultimate source or cause of price [9]. But according to the Sraffian
or ‘neo-Ricardian’ critiques of value theories there is no determinate relationship
between either marginal productivities or labour-time and prices. Some interpreters
[53, 73] of Sraffa argue that his work demonstrates that the search for an essence of
value, some single substance or principle that explains the phenomena of prices, is
redundant, once it is realised that ‘prices are simply implicated in a given structure
of production and distribution and nothing is hidden behind them’ [73]. Often deep
scientific progress consists in conceptual revolution. Perhaps the search for a theory
of value is founded on a conceptual error, of similar status, say, to the defunct 17th
century concept of phlogiston, a substance thought to be liberated upon combustion.

The argument of this paper is that nihilistic conclusions regarding the theory of
economic value are misguided because they are ultimately based on Sraffa’s failure to
consider that money-capital is a commodity with an associated cost of production.
A purely nominal treatment of income distribution obscures an important value-
theoretic principle. Sraffian prices, in the case of single production, have a hitherto
unnoticed proportional relationship to particular kinds of scalar quantities, real costs,
which can be measured according to any chosen units of quantities, be it labour-time,
bushels of corn, or tonnes of iron. The important yet very simple principle of real-cost
is ‘hidden behind’ Sraffa’s prices of production. A corollary of this result is a solution
to the transformation problem that reinstates the quantitative connections between
labour-time and price, a relationship Sraffa thought obtained only in the special
case of zero profits. Hence, Sraffa’s theoretical insights, contrary to the prevailing
interpretation, provide the basis for the logical completion of the classical labour
theory of value, rather than its critique.

This paper is split into two dependent parts. Part 1 derives the value-theoretic
principle of real-cost from a critique of Sraffa’s ‘surplus’ representation of simple
reproduction. Part 2 applies the principle of real-cost to the neo-Ricardian critique
of Marx’s labour theory of value.



Part 1. The principle of real-cost
2. SRAFFA’S SYSTEM

Sraffa employs a system of simultaneous linear equations to model the input-
output relations of an economy. His approach belongs to a family of linear production
models that includes Leontief’s closed and open models, and Von Neumann’s model
of a growing economy (see [56, 36] for a discussion). The following summary of
Sraffa’s system is more formal than the original and differs in some small details.

In Sraffa’s single production model, each industry or sector produces a single
commodity by means of others. There is no fixed capital. This is a static situation,
so the scale of production does not change, and therefore Sraffa makes no assumptions
regarding returns to scale. The technical methods of production are represented by
a matrix of inter-activity coefficients and a vector of labour coefficients.

Definition 2.1. The technique of an economy is a non-negative n X n matrix of
inter-activity coefficients, A = [a;;]. Each a;; > 0 represents the physical quantity
of commodity-type ¢ directly required to output 1 unit of commodity-type j.

Definition 2.2. The direct labour coefficients are a 1 x n row vector, 1 = [[;]. Each
l; > 0 represents the physical quantity of labour-power directly required to output 1
unit of commodity-type <.

The technique and labour coefficients define a production graph that describes the
input-output relationships that obtain in the economy. Figure 1 depicts an example
production graph.

Given an input-output economy we are normally interested in the quantities of
commodities produced and their prices.

Definition 2.3. The net product, or surplus, is a 1 X n row vector, n = [n;]. Each
n; > 0 represents the physical quantity of commodity-type ¢ that is available for
consumption after capital stocks have been replaced.

Definition 2.4. A Sraffian quantity equation is
(1) a=qA" +n,

where q = [¢;] is a 1 X n row vector of quantities. Each ¢; > 0 is measured in units
of commodity-type 7.

Equation (1) defines equilibrium quantities. Consider a production period. At
the end of the period there is a gross output of q commodities. A stock of input
commodities, qA™, was used-up and replaced during the period. The economy pro-
duces more than it uses up leaving a net product, or net national income, or surplus,
n, which is available for consumption. Production transforms a set of commodity
inputs and produces a larger output. A part of the output replaces the inputs; the
remainder is consumed as surplus.

Sraffa restricts his analysis to viable economies able to produce a surplus. For the
surplus to be positive the economy must be productive.
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FIiGURE 1. Production graph for a 3-sector economy. The graph
visualises the direct input requirements for the production of 1 unit of
output. For example, 1 unit of corn directly requires a; ; units of corn,
as,1 units of iron, and [; units of labour for its production.

Definition 2.5. A technique is productive if there is a column vector x € R} such
that x > Ax.

This condition ensures that it is possible that the economy can produce a surplus
in all commodities (c.f. Bidard’s definition of strict viability [5]).

Sraffa assumes that labour is homogeneous and the wage rate and profit rate are
uniform over the whole economy. Both assumptions can be viewed as non-arbitrage
conditions on returns to labour and returns to investment. Wages are distributed in
proportion to the physical quantity of labour contributed and profits are distributed
in proportion to the value of the capital employed in each sector.

Definition 2.6. A Sraffian price equation with wages paid ex ante is
(2) P = (PA +1w)(1+7),

where p = [p;] is a 1 X n row vector of prices. Each p; is measured in money units
per unit of commodity-type i. w > 0 is the wage rate, measured in money units per
unit of labour-time. The ‘rate of profit’, » > 0, is a dimensionless ratio of money
amounts that scales input costs.

Price equation (2) defines profit-equalising prices of production. For each activity
the total price of commodity inputs plus the wage cost multiplied by the uniform



rate of profit equals the price of the product. That is, commodity prices are such to
cover input costs, profits and wages.

The solution of these kinds of price and quantity equations has been extensively
discussed in the literature (e.g., consult [56], [36], [5]).

2.1. Positive prices. Assume I — A is of full rank, i.e. no column (or row) is a
linear combination of the others. Pasinetti [56] argues that this assumption may be
justified on practical grounds: ‘... coefficients are given by technology. In general,
then, we cannot expect to find among the first (n—1) columns one that just happens
to be linearly dependent on the others ... If that were to occur, it would be a truly
exceptional coincidence indeed’ ([56], p.56). But the real motivation is to guaran-
tee that the Sraffian system contains sufficient independent equations to determine
solutions.

Consider A as a production graph. Each node is an activity. For every a;; > 0
there is an edge that connects activity 7 to j. Assume that the graph is connected,
that is for every 7 and j there is a route that traverses the edges from i to j. The
assumption of connectedness ensures that the economic system forms a connected
whole, rather than separate ‘islands’ of economic activity.

Definition 2.7. A technique is admissible if connected, productive and rank(I—-A) =
n.

The analysis is restricted to admissible techniques that produce outputs larger than
inputs. But the productivity of a technique is finite. This bound on productivity is
captured by the concept of the maximum rate of real growth. It is a function of the
dominant root of the technique.

Lemma 2.1. If A is productive then the dominant root, or eigenvalue of greatest
modulus, A, of A is non-negative and less than unity.

Proof. The eigenvalue equation, xA = Ax has a dominant root, A\,, > 0, by the
Perron-Frobenius theorems for reducible, non-negative square matrices (e.g., see [12],
or mathematical appendices of [39], [56] or [36]). A is productive so A, < 1. 0O

Lemma 2.2. The maximum rate of real growth, G > 0, is G = (1 — \p) /-

Proof. G is defined by replacing the net product of equation (1) with a scalar multi-
plier, g = gAT(1+G). Rearrange in the form of an eigenvalue equation, gA™T = \q.
By lemma 2.1, G = (1 — A\,;,)/Am, where 0 < A, < 1 is the dominant root. O

The maximum rate of real growth is identical to the maximum rate of profit.
Lemma 2.3. The maximum rate of profit, R > 0, is R =G.

Proof. Profits are maximum, » = R, when w = 0 such that the value of the net
product is entirely appropriated in the form of profits, p = pA(1 + R). Rearrange
in the form of an eigenvalue equation, pA = Ap. The eigenvalues of matrix are
identical to the eigenvalues of the transposed matrix. So by lemma 2.2, R=G. 0O



The following theorem is used to prove the existence and non-negativeness of
various inverse matrices that appear in the price and quantity solutions.

Theorem 2.4. For any n x n matrix B, with b;; < 0 for all ¢ # j, there exists a
column vector x € R? , such that Bx > 0 if and only if B™* > 0.

Proof. A standard result (e.g. by theorem 6.3 of ref [30], p. 232; or p. 134 of
ref [4]). (It also follows that B is an M matrix that satisfies the Hawkins-Simon
condition.) 0

Lemma 2.5. Sraffian prices are positive and given by
(3) p(w,r) =1T— A1+ 7r)] w(l +7r),

where 0 < r < R. This equation has two unknowns that by convention are fixed by
specifying a normalization condition, the numéraire, and a price, either the wage or
profit rate.

Proof. Let B =1 — A(1 +r) = [b;;]; then b;; < 0 for all i # j. By lemma 2.3
PA =p/(1+R). If r < R then p/(1 +7r) > p/(1 + R). Hence, p > pA(1 +71);
therefore matrix A(1 + r) is productive and there is a column vector x € R? such
that Bx > 0. Then by theorem 2.4, B~! > 0.

Expand B! as a power series

B =) A'(l+r),
=0

where the first term of the series, A® = I. So B~! cannot have a zero column. Since
1 > 0 then x = IB™! > 0. By lemma 2.3, there is only one r = R when w = 0,
otherwise by definition w > 0. Then 0 < r < R implies w > 0. So o = w(1+r) > 0.
Prices are p(w,r) = ax, a product of a positive scalar and a positive vector; hence
p>0.

Due to the rank condition the system contains n equations in n + 2 unknowns so
has two undetermined variables. Il

Definition 2.8. A numéraire equation,

pb' =,
sets the absolute scale of the price system, where b > 0 is a 1 X n commodity bundle
and v > 0. (For example, b=[1 0 ... 0] and v = 1 sets the numéraire to

P1 = 1)

2.2. Positive quantities. Different kinds of commodity-types need to be distin-
guished in order to specify the precise conditions for solutions with positive quanti-
ties. The Leontief inverse contains the information needed to classify commodities.

Definition 2.9. The Leontief inverse is

L= ZAi =(I-A)"" = [aiyl,



where o; ; represents the physical quantity of the ith commodity needed in the eco-
nomic system as a whole in order to eventually obtain the availability of 1 unit of the
jth commodity as a net commodity. Thus the «; ; represent the total requirements
(direct and indirect requirements) for the production of unit net commodities. L is
a matrix of vertically integrated factor coefficients.

Recall that elements a;; of matrix A represent the physical quantity of the ith
commodity needed in the jth industry for the production of 1 unit of the jth com-
modity. These technical coefficients are the direct requirements for the production
of unit commodities. In contrast, elements «;; of L represent the total direct and
indirect requirements for the production of unit commodities.

Define X as the ith column and X as the sth row of X. Then column vector
L® represents the total amounts of heterogeneous commodities 1,...,n needed to
produce 1 net unit of 7; and row vector L; represents the total amounts of commodity
1 needed to produce 1 net unit of heterogeneous commodities 1, ..., n.

The meaning of the Leontief inverse can be better understood by analysing its
matrix power-series representation, L = >>° A’. Assume a ‘final demand’ such
that the net product of the economy consists of 1 unit of each commodity 1,...,n.
The amount of commodity ¢ directly required to generate 1 unit of j as surplus is
trivially d; ;, where 6; ; = 1 if ¢ = j and J; ; = 0 otherwise. The unit ‘final demands’
can therefore be represented by the n x n identity matrix I. The ith column of
A represents the commodity-inputs directly required to produce 1 unit of 7. So to
produce a unit net product I requires commodity inputs IA = A. These inputs
require the availability of indirect inputs A2, which, in turn, require indirect inputs
A3, and so forth, ad infinitum. The vertically integrated factor coefficients are then
the sum of the power series I+ A + A2+ ...+ A" as n — oo.

Lemma 2.6. The Leontief inverse, L = (I — A)™', exists and L > 0, if A is
productive.

Proof. Let B =1— A = [b;;]; then b;; < 0 for all 4 # j. A is productive so there
is a column vector x € R? such that (I — A)x = Bx > 0. By theorem 2.4, B is
nonsingular and B~ > 0 O

Definition 2.10. A basic commodity is a commodity required, directly or indirectly,
for the production of all commodities.

Assume there is at least one basic commodity.
Lemma 2.7. Commodity 7 is basic if Ly > 0.

Proof. Ly is the row vector that represents the total quantities of the sth commodity

required to produce commodities j = 1,...,n respectively. If every element of Ly;
is greater than zero then commodity ¢ is required for the production of every other
commodity. O

Definition 2.11. A non-basic commodity is a commodity that is not required, di-
rectly or indirectly, for the production of all commodities.



Lemma 2.8. Commodity 7 is non-basic if an element of L is zero.
Proof. This immediately follows from lemma, 2.7. O

Define x[a] as the vector formed by removing elements numbered « from x, where
« is a sequence of integers. For example, x[i] is the vector formed by removing the ith
element from x. Define Afaq|as] as the matrix formed by removing rows numbered
a1 and columns numbered «y from A, where oy and oy are sequences of integers. st
is the increasing sequence of indices formed from the complement of the set S.

Definition 2.12. The set of activities S is a sub-technique if (i) every activity i € S
requires, directly or indirectly, the same set R of input activities (L® = L) for all
i,j € S), (ii) every activity 7 € S is required, directly or indirectly, by the same set T
of dependent activities (L) = L(;) for all 4,7 € S), and (iii) every pair of activities
i,j € S, require each other, directly, or indirectly, as inputs (Lg; [SY] > 0 for all
i €S). A[SY|S" is the inter-activity matrix associated with sub-technique S.

Sub-techniques are connected so that if any activity in the sub-technique is acti-
vated than so are all the others. A sub-technique that consists of a single activity
is a degenerate subsystem. The set of all basic commodities B forms the basic sub-
technique.

Definition 2.13. An ultimate sub-technique U is a set of activities that are are not
required, directly or indirectly, for the operation of any activities not in U; that is
L[U] =o.

There may be multiple ultimate sub-techniques.

Figure 2 depicts a production graph with different kinds of commodities.

The ultimate sub-techniques are important because if at least one activity is op-
erated in every ultimate sub-technique then all other activities are necessarily oper-
ated. If the net product does not meet this condition then the technique contains
redundant information.

Definition 2.14. An admissible net product has a surplus in at least one commodity
from every ultimate sub-technique.

Assume the net product is admissible.

Lemma 2.9. Sraffian quantities are positive and given by
(4) q(n) =n(I- A",
where n is an admissible net product.
Proof. Let B=1— A" = [b;]; then b; ; <0 for all i # j. AT is productive because
A is productive. Then by theorem 2.4, B~! > 0.

B~! = L"; hence for every ultimate sub-technique, U, by definition, [B~!]®[U] =
0 and [B~1®[U’] > 0 for all i € U. As n is an admissible net product, n[U] is

non-zero for all U, that is there is a final demand for at least one commodity in every
ultimate sub-technique. Hence, nB~! > 0 and quantities are positive.

10
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Ficure 2. Kinds of commodities. Corn seed and corn are basic
commodities and form the basic sub-technique. Iron is a non-basic and
forms a non-basic sub-technique. The hammer and anvil are non-basics
and form another non-basic sub-technique. The hammer and anvil
also form an ultimate sub-technique. In this small example economy if
either the hammer or anvil appear in the net product then all activities
are operated.

Due to the rank condition the system contains n equations in 2n unknowns, hence
has one undetermined 1 X n vector parameter. O

3. CRITIQUE OF SRAFFA’S SYSTEM

In Sraffa’s system prices are determined from the wage or profit rate and the
available methods of production without reference to subjective utility. The theory
of equilibrium prices is dependent upon and secondary to the theory of income dis-
tribution. Sraffa establishes a basic proposition of classical economics that ‘all the
variables of a competitive capitalist system are determined from outside the market
(i.e., they are determined in a socio-historical context) independent of prices’ [71].
This property of Sraffa’s system was used, with considerable success, to critique
naive marginalist theories of profit that explained income distribution in terms of
equilibrium price theory. Sraffa’s system refutes the marginalist apology that the
profit rate is a return to capital as a scare resource, analogous to land, and a mea-
sure of its scarcity [21]. The model emphasises the distributional conflict inherent
in capitalist societies, which was central to the analyses provided by Ricardo and
Marx, but repressed in marginalist theories. Sraffa derives a reciprocal relationship
between the wage level and profit rate: the higher the wage, the lower the average
rate of profit.

The subtitle of Sraffa’s book — ‘Prelude to a Critique of Economic Theory’ — sug-
gests that his theoretical insights are not primarily intended to directly function
as models of economic reality. Sraffa’s theoretical assumptions and abstractions are

1"



quite strong and in many respects unrealistic. His single and joint production models
are perhaps better viewed as exercises in conceptual analysis under certain stringent
assumptions — such as deterministic relations between economic variables and the
strict satisfaction of non-arbitrage conditions, such as homogeneous wages and uni-
form profits — rather than operational models of the economy. For instance, Sraffa’s
demonstration of the logical possibility of switches in the methods of production
is a critique of the logical consistency of marginalism, regardless of any empirical
data. Complaints of lack of realism, therefore, cannot count as first-order criticisms
of Sraffa’s work.

3.1. Interrupted circular flow. Kurz and Salvadori [38] explain that in the late
1920’s Sraffa sought to elaborate an objectivist approach to economic value revolving
around the twin concepts of physical real-cost and social surplus within a framework
of production as a circular process or flow. In 1928 Wassily Leontief outlined a
similar methodological programme in his article “The Economy as a Circular Flow’
[41]. Both economists were influenced by the physiocrat Quesnay who first pictured
the economy as a circular process in his Tableau Economique (1758) [66]. Sraffa and
Leontief initially used homogeneous systems of simultaneous equations, in which
final demand is ‘closed’ [38, 34|, yet by the time of their mature publications, 1960
for Sraffa’s PCMC and 1951 for Leontief’s second edition of The Structure of the
American Economy [40], both had moved to inhomogeneous systems of equations,
in which final demand is ‘open’.

Kohli [34] explains how Leontief’s collaboration with the US Bureau of Labor
Statistics, beginning in 1941, influenced the development of his open model, which
‘proved to be more useful for policymakers than Leontief’s first formulation’ [34].
The Bureau needed to answer questions about the effect of different spending plans
at a time when the US government recognized the need for stimulative fiscal policies.
So Leontief ‘opened’ his model to allow final demands to be determined outside the
system of inter-activity relationships. The political need to model the consequences
of varying the distribution of an economic surplus directly motivated Leontief’s the-
oretical move from a closed to open model. An open model has the useful property
that the net product of the economy is yet to be distributed or allocated; it is an
undistributed surplus. As Leontief notes, ‘For many purposes, such, for example, as
the evaluation of quantitative implications of alternative policies in respect to allo-
cation of primary resources or, say, various patterns of public works or governmental
purchases, it is necessary to treat the national economy as an open rather than as
a closed system’ ([40], p.205); and ‘one can also determine the effect of which an
increase or decrease in any given profit or wage rate would have on the prices of all
the goods and services’ ([40], p.207).

Sraffa’s transition from a closed to open model was motivated by the same require-
ment to model an undistributed surplus. But the transition left him in a temporary
theoretical crisis [53].

Chapter 1 of PCMC, ‘production for subsistence’, examines an economy without
a surplus, formally similar to a closed Leontief model, that ‘produces just enough

12



to maintain itself’ ([75], p. 3). Sraffa swiftly moves to chapter 2, ‘production with
a surplus’, in order to analyse an economy that ‘produces more than the minimum
necessary for replacement’ ([75], p. 6) in which a net product must be distributed
to workers and capitalists, the only ‘factors of production’ with open-ended and
contested consumption requirements. For Sraffa, therefore, the production of the
surplus is unnecessary for the strict reproduction of the economic system because it
can be used in various ways, for additional consumption by workers or capitalists,
or for new investment etc. Sraffa’s surplus is also an undistributed surplus.

The ordering of closed followed by open model in PCMC reflects the actual course
of Sraffa’s investigations. His early (1927) equations modelled a closed economy,
which he interpreted to be without a surplus ([38], p. 76). In 1928 Sraffa turned to
the case of the wage consisting of a share of the surplus product. Sraffa’s treatment
of income distribution was directly influenced by Ricardo [38], who adopted the
instrumental perspective of the capitalist state [66] to study the wage-profit trade-off
and the effects of taxation on the social order in his ‘Principles of Political Economy
and Taxation’ (1817) [60].

By 1931 Sraffa encountered a contradiction between the concept of an undis-
tributed surplus and the concept of an uninterrupted circular flow, although he did
not use such terms. In a note entitled ‘Surplus product’ (pp. 87-89 of [38]) Sraffa
writes, ‘If one attempts to take an entirely objective point of view, the very con-
ception of a surplus melts away’ [38]. As every activity in a circular flow has a
determinate input and an output, ‘there can be no product for which there has not
been an equivalent cost, and all costs (=expenses) must be necessary to produce it’
[38]. Hence, when considering shares of the surplus product, ‘every share distributed
must be so for a reason, therefore it is necessary: how can there be a surplus left,
unless we assume some sort of indeterminacy?’ [38]. Sraffa notes that ‘this is a great
difficulty: the surplus is the object of the inquiry, but as soon as it is explained, a
cause is found for it, and it ceases to be a surplus’ [38]. In other words, if a surplus
is part of the circular flow, then it is also an input, and therefore a necessary re-
production cost; but the surplus is unnecessary for reproduction, it is an additional
output, and therefore cannot be part of the circular flow.

Sraffa resolved the contradiction by pursuing an open model with an undistributed
surplus that is nominally allocated by exogenous distributional parameters, the wage
and profit rate. Once the distributional parameters are fixed the nominal cost of the
consumed surplus is distributed in the form of wages and profits. But the real
distribution of commodity types, that is the composition of worker and capitalist
consumption, is absent. In consequence, Sraffian quantity and price equations, such
as equations (1) and (2), encode a fundamental asymmetry between non-human and
human ‘factors of production’. Non-human factors have both inputs and outputs
specified in the technique; in contrast, the rates at which workers and capitalists
consume the commodity-types that constitute the net product are not specified.
The surplus is produced, but not yet distributed, an output, but not a full input.
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Sraffa notes that the asymmetry of the price equation has the advantage that
distribution can be considered primarily as a nominal wage-profit trade-off, avoiding
the need to specify the actual composition of consumption ([57], p.11). A nominal
income distribution is consistent with a whole set of real income distributions. But
the disadvantage is that the circular flow has been interrupted. Leontief offers a
‘closed band’ metaphor in an attempt to explain this difference: ‘cutting a piece out
of a closed band results in [the] appearance of two loose ends. So does the cutting
of a closed general equilibrium system. The ‘final bill of goods’ is the loose end
which adjoins the cut out stretch on the demand side. The labor inputs and the
inputs of all the other services produced by the household, government, and other
sectors of the economy which were eliminated mark the other end or rather the
beginning of the new open economy. They must be treated now as original, primary
inputs. In a closed system, for example, the level of the labor supply would have been
directly connected with the level of real income; that is, the quantities of consumers’
goods absorbed by the households. Now such direct connection between the two is
disregarded’ (]40], p.206).

The turn from closed to open models by two highly influential theorists is probably
a major reason for the subordinate role of the closed model in modern discussions
of linear production theory (e.g., [56, 36, 5]). But closed models do not represent
economies that lack a surplus; rather they can represent economies in which a surplus
is physically distributed in constant proportions.

In PCMC Sraffa contrasts Quesnay’s picture of a circular flow with the marginal-
ism of his day, which is a ‘one-way avenue that leads from ‘Factors of production’
to ‘Consumption goods’ ([75], p.93). Yet Sraffa’s basic price equation is a one-way
avenue from production to surplus. Sraffa’s adoption of an undistributed surplus at
the cost of an interrupted circular flow is the fundamental cause of some important
problems in his theoretical framework.

3.2. Uniform rate of profit and indeterminate prices. Sraffa notes that ‘one
effect of the emergence of a surplus’ is the ‘appearance of a new class of “luxury”
products which are not used, whether as instruments of production or as articles of
subsistence, in the production of others’ ([75], p.7). These are non-basic commodities.

According to Sraffa the basic sub-technique determines the maximum rate of prof-
its of the economic system. Non-basics, in contrast, cannot be a ‘limiting factor’ on
the growth rate of the economy. This claim creates a problem that Sraffa classifies as
a ‘freak case’. In an appendix to PCMC Sraffa discusses ‘self-reproducing non-basics’
(SRNBs). A SRNB is a non-basic commodity ¢ that requires itself for production,
that is a;; > 0. Sraffa provides the example of ‘beans’ that for every 100 units sown
no more than 110 are reaped. Sraffa writes, in consequence of the duality of the
maximum rate of growth and the maximum rate of profits, that ‘it is clear that this
would not admit of a rate of profits higher than, or indeed, since other means of
production must be used as well, as high as, 10%’ ([75], p. 90). If the beans are
basic there is no problem — the maximum rate of profit for the economy must be less
than 10%, that is » < 0.1. But if the beans are non-basic then ‘complications arise’
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([75], p. 90). If the maximum rate of profit, determined by the basic sub-technique,
is higher than 10%, say R > 0.1, then the price of beans is infinite when r = 0.1 or
negative when r > 0.1.

Sraffa remarks that beans could still be produced and sold at a positive price on
condition that ‘the producer sold them at a higher price than the one which, in his
book-keeping, he attributes to them as means of production’ ([75], p.91). ‘Cooking
the books’ might conceivably work for a single producer because the bean producer
can use its own bean output as an input, and impute a cost price for the inputs
different from the selling price that prevails in the market. But Sraffa did not fully
appreciate the generality of the problem in his appendix on ‘beans’. The following
proposition is a sketch summary of the problem.

Proposition 3.1. R* is the maximum rate of profit of the basic sub-technique
A[BC|BY]. If R* > R then some Sraffian prices are negative for rates of profit
R <r <R

Proof. (Sketch.) By lemma 2.3 pA =p/(1+ R). If R <r < R* then p/(1+7) <
p/(1+ R). Hence, p < pA(1+r); therefore matrix A(1+ r) is not productive. The
conditions of the proof of lemma 2.5 are not met; hence the positivity of Sraffian
price equation (3) cannot be guaranteed. O

In general, a problem occurs if the dominant root of a non-basic sub-technique
is greater than the dominant root of the basic sub-technique. In this case, the
non-basics have either infinite or negative prices at rates of profits higher than the
maximum rate of profit of the non-basic sub-technique [56, 36]. A non-basic sub-
technique need not include any self-reproducing commodities. The producers of
these non-basics must get their inputs in the market; hence, Sraffa’s attempt to
restrict the problem to local book-keeping operations fails. The negative or infinite
prices are market prices, not imputed prices. In consequence, Sraffian prices are
indeterminate over a subrange of the feasible income distribution, R < r < R*,
where R is the maximum rate of profit of the non-basic sub-technique that has the
largest dominant root. Sraffa’s price theory is then, at best, incomplete. It was
precisely to avoid this problem that we earlier defined the maximum rate of profit
to be R, rather than R*, contra Sraffa.

The problem of SRNBs has led, over time, to the rejection of the priority of the
basic sub-technique for determining the maximum rate of profit in the economy. For
example, Pasinetti (1977) ([56], pp. 108-111) tries to exclude SRNBs on grounds of
empirical plausibility. But there is no economic reason why the dominant roots of all
non-basic sub-techniques should be less than that of the basic sub-technique. Kurz
and Salvadori (1995) [36] reject Sraffa’s solution and categorise the problem of SRNBs
as an example of a ‘limit to the long-period method’. Kurz and Salvadori consider
various additional assumptions or restrictions that can mitigate the problem (see, in
particular, pages 70-73, 82-84, 107-110, 341-348), including the analysis of short-
period demand considerations in an economy of agents with perfect foresight, a model
quite far from Sraffa’s theoretical framework. Abraham-Frois and Berrebi (1997) [1]
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identify a class of ‘blocking goods’ that are defined to constrain the maximum rate
of profit. Blocking goods are not necessarily basic commodities. Bidard (2004) [5]
rejects the idea that the basic sub-technique is necessarily the limiting factor and
instead takes the ‘whole economy into account’ (p. 31), such that all commodities,
whether basic or non-basic, are potentially determinants of the maximum rate of
profit. Bidard present this solution as a matter of choosing the correct definition
of viability but does not consider how a non-basic can constrain the growth of the
whole economy, including the basic sub-technique, if it is not an input to the basic
sub-technique and hence has no explicit connection to it.

The fact that the surplus is undistributed, and therefore only an output, entails
the existence of non-basic commodities. The circular flow is interrupted and the
economy fractures into basic and non-basic sub-techniques with different maximum
rates of profit that have feed-forward but not feedback input-output relations. The
Sraffian price equation imposes the global constraint of a uniform rate of profit on
all activities. But only the basic sub-technique can globally constrain the maximum
rate of profit because only it is an input to, and has an influence upon, all the others.
The problem of SRNBs arises when the non-basic sub-techniques cannot operate at
the basic rate of profit. Their operating constraints cannot feedback to constrain
the basic sub-technique. To avoid price indeterminacy the global properties of the
economy must be taken into account. But neo-Ricardian theorists do not have a good
explanation of how a non-basic sub-technique can globally constrain the system if
it is not an input to the basic sub-technique. The root cause of the problem, an
interrupted circular flow, has not been identified. Sources (basics) and sinks (non-
basics) can appear in Sraffian economies solely in virtue of the undistributed surplus.

Sraffa reminds the reader, in his discussion on ‘beans’, that ‘we are all the time
concerned merely with the implications of the assumption of a uniform price for all
units of a commodity and a uniform rate of profits on all the means of production. In
the case under consideration, if the rate of profits were at or above 10% it would be
impossible for these conditions to be fulfilled’ ([75], p.91). The existence of SRNBs
with growth rates lower than the basic sub-technique implies that, in open models,
due to the lack of input-ouput relations between non-basics and basics, there is no
economic mechanism for the equalisation of the rate of profit. In such cases once a
uniform rate of profit is imposed then prices become negative.

3.3. Subjectivism. Around 1928, in relation to his early closed models of an econ-
omy, Sraffa wrote:

The significance of the equations is simply this: that if a man fell from
the moon on the earth, and noted the amount of things consumed
in each factory and the amount produced by each factory during a
year, he could deduce at which values the commodities must be sold,
if the rate of interest must be uniform and the process of production
repeated. In short, the equations show that the conditions of exchange
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are entirely determined by the conditions of production. (Quoted in
[28]).

The metaphor of the ‘man from the moon’ neatly encapsulates the idea that a dis-
interested observer who counts inputs and outputs has sufficient information to de-
duce prices of production. But the adoption of an undistributed surplus entails that
Sraffa’s surplus equations do not live up to this strict objectivism.

In one sense the wage is a cost and enters ‘the system on the same footing as the
fuel for the engines or the feed for the cattle’ ([75], p.9). Both corn and hay are
necessary inputs to produce units of labour-power and units of horse-power respec-
tively. Therefore wages must be considered as physical inputs to a household sector
that outputs labour-power. But in another sense the wage appears to be an income
and must be treated differently because it can consist of a share in the surplus.
For instance, roses for the labourer is an unnecessary luxury, superfluous although
desirable [57].

Sraffa deems it natural, therefore, to split the wage into two parts: a first part that
represents physical necessities to reproduce the productive capacity of the labourer
(cost), and a second part that represents luxuries (income). Sraffa writes:

We must now take into account the other aspect of wages since, be-
sides the ever-present element of subsistence, they may include a share
of the surplus product. In view of this double character of the wage it
would be appropriate, when we come to consider the division of the
surplus between capitalists and workers, to separate the two compo-
nent parts of the wage and regard only the ‘surplus’ part as variable;
whereas the goods necessary for the subsistence of the workers would
continue to appear, with the fuel, etc., among the means of production

([75], p.9).

The theoretical options are: (i) a fully symmetric approach, which treats labour
like any other commodity, and therefore regards the wage as another set of inter-
activity coefficients; or an asymmetric approach, which treats labour differently to
other commodities, by either (ii) splitting the wage into its necessary and surplus
parts, a partially asymmetric approach, or (iii) treating all the wage as a share of the
surplus, a fully asymmetric approach. Despite Sraffa’s observation that the partially
asymmetric approach is the most appropriate for expressing the ‘double character’
of the wage he nevertheless opts for the fully asymmetric approach.

We shall, nevertheless, refrain in this book from tampering with the
traditional wage concept and shall follow the usual practice of treating
the whole of the wage as variable ([75], p.10).

But his reason for doing so is either not made explicit or is an appeal to convention.

Humans, unlike fixed capital, such as machinery or animals, develop new needs.
So the commodity inputs to labour do have a ‘double character’ if we wish to distin-
guish between necessaries and luxuries. But inter-activity coefficients simply describe
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factual input-output relations and are neutral with respect to the cause of those rela-
tions. For example, a fully symmetric approach to the wage, in which real wages are
explicit inputs to a labour household sector, is fully consistent with the existence of a
distinction between necessaries and luxuries. The ‘double character’ of the wage, one
part a physiological lower-bound on consumption and one part luxuries, is irrelevant
to the construction of an input-output table that describes the physical inputs and
outputs that obtain at any particular time. The distinction between wage as cost
and wage as income is superfluous at this level of abstraction. Sraffa’s asymmetrical
treatment of labour is not justified by the ‘double character’ of the wage. Leontief
remarks, in his 1928 essay, that the concept of a surplus ‘is best understood if one
enquires into the use of this “free” income. The answer is: it either accumulates
or is used up unproductively’. But then adds that ‘any attempt to distinguish an
unproductive and a productive side to personal consumption is just as arbitrary as
it is when dealing with the “objective” cost of goods’.

Labour is a basic commodity. This means that all its inputs are also basic. But
the goods consumed by workers are now potentially non-basic because the wage is
variable. That’s because, as surplus, they are modelled simply as outputs, never as
inputs. This is awkward, and Sraffa recognizes this: ‘The drawback of this course is
that it involves relegating the necessaries of consumption to the limbo of non-basic
products’ ([75], p. 10). But he assures us that his subsequent discussion ‘can easily
be adapted to the more appropriate, if unconventional, interpretation of the wage’
([75], p-10) as consisting of two components: one subsistence, the other surplus.
Let’s check this.

Following Pasinetti [56], the technique augmented by the subsistence requirements
of the workers is

At = A+ w'l,

where w > 0 is a 1 X n vector of subsistence consumption coefficients per unit of
labour. The Sraffian price equation, with wages paid post factum, is then

p=pAT(1+7)+lw,

where workers augment their subsistence goods by participating in the consumption
of the surplus. Sraffa maintains that non-basic goods have a ‘purely passive’ ([75],
p.7) role and that ‘the chief economic implication of the distinction [is] that basics
have an essential part in the determination of prices and the rate of profits, while
non-basics have none’ ([75], p.54). Yet techniques A and A™ have entirely different
sets of basic and non-basic goods conditional on the subsistence vector w. For
example, if a non-basic good in technique A appears in the subsistence vector w
then at least that good is basic in the augmented technique A*. Hence, according
to Sraffa, the maximum rate of profit that can prevail in the economy is contingent
on the classification of worker’s consumption goods.

The classification is not a technical datum, an objective fact, like counting the
inputs and outputs at the factory gates. Some kind of objective or causal justification
is required to judge whether or not a commodity is necessary for the reproduction of
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workers. But Sraffa does not provide a principle for classification, nor is it clear how
one could be formulated. Hence, absent such a principle, the subjective classification
decision of the theorist determines the maximum rate of profit of the basic subsystem
and hence the whole economy. The man from the moon cannot just count inputs
and outputs after all; he must also introduce a moral element in order to classify
wage goods.

3.4. Non-equilibrium. The concept of equilibrium employed in PCMC is either
ambiguous or absent. In chapter 1, devoted to the analysis of a subsistence economy,
‘which produces just enough to maintain itself’ ([75], p.3), Sraffa writes, ‘There is a
unique set of exchange-values which if adopted by the market restores the original
distribution of the products and makes it possible for the process to be repeated;
such values spring directly from the methods of production’ ([75], p.3 ). In chapter
2, devoted to the analysis of a surplus economy, Sraffa provides an example economy
in which the means of production used-up in the production period are replaced
([75], p.7) and makes reference to the ‘national income of a system in a self-replacing
state’ ([75], p.11). It seems natural to conclude, particularly given the static nature
of simultaneous equations, that Sraffa, throughout PCMC, is analysing an economy
in a state of self-replacing equilibrium. For example, Pasinetti begins his classic
exposition of Sraffa’s single production system with:

The methods of production are such that each industry produces a
single commodity by using a certain physical quantity of labor and
certain physical quantities of commodities. These commodities (re-
quired as means of production) are completely used up in each period,
so they have to be replaced entirely. At the end of each “year” the to-
tal output of the system must therefore be divided into two parts: one
part must be devoted to the replacement of those commodities which
have been used up in the production process; the remainder represents
the final net output, or net national income, or net product, and can
be devoted to consumption (the system being in a stationary state)
([56], pp.71-72).

But as Ravagnani [59] notes, although this reproduction interpretation is widespread,
‘Sraffa never introduces in his analysis any specific assumption about the allocation
of the physical surplus’ and reminds us that Sraffa, in a comment on Harrod’s re-
view of PCMC [76], employs an example with a negative net output of a commodity
in which the price equations continue to determine prices. Ravagnani argues that
Sraffa’s approach is not restricted to a self-replacing equilibrium but has more general
applicability. All that Sraffa requires is that the technique be productive. Similarly,
Roncaglia claims that ‘there is no reference, implicit or explicit, in any of Sraffa’s
assumptions, to an aggregate equality between the commodities produced and sup-
plied on the one hand, and the quantities demanded and sold, on the other’ ([64], p.
xvii).
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The reason for such ambiguity and contrasting interpretations is simple. A cir-
cular flow interpretation of Sraffa’s theoretical framework implies that the object of
inquiry is an economy in a state of self-replacing equilibrium. But Sraffa’s surplus
is undistributed, the allocation of the physical surplus is absent, and hence the flow
interrupted. An interrupted circular flow may be continued in a number of ways,
self-replacement just being one of many possibilities. Sraffa does is not clear whether
the production of the surplus is a process that repeats (an uninterrupted circular flow
with a distributed surplus) or whether it is a singular event (an interrupted circular
flow with an undistributed surplus).

3.5. Proposal. Sraffa, in PCMC, presents a circular flow approach to economic
analysis, influenced by Quesnay’s Tableau Economique and Petty’s objectivism, im-
plicitly rejecting Marshall’s partial equilibrium approach and the marginalism of his
time [38]. Influenced by Ricardo’s treatment of the problem, Sraffa also analyses
variations in the distribution of income. The circular flow metaphor implies a pro-
cess of self-replacing equilibrium, whereas the income distribution metaphor implies
a distributional event. These two basic metaphors clash. Either the surplus is dis-
tributed and the flow is circular, or the surplus is undistributed and the flow is
interrupted. As Joan Robinson noted in her review of PCMC [62], ‘we are concerned
with equilibrium prices and a rate of profit uniform throughout the economy, but we
are given only half an equilibrium system to stand on’. Sraffa has one foot in and
one foot out of the circular flow.

I therefore propose an analytical experiment: close Sraffa’s system, assume simple
reproduction with a specified composition of net output, and repair the circular flow.
By performing this experiment we will discover that Sraffa’s interrupted circular
flow has a further unfortunate consequence: it hides the value-theoretic principle of
objective real-cost.

4. CLOSING SRAFFA

A circular flow in a state of self-replacing equilibrium can be represented by a
closed system of equations in which the surplus is fully distributed. The Sraffian
equations are closed by adding explicit worker and capitalist household sectors. By
combining the information contained in Sraffa’s price and quantity equations we
derive the inputs and outputs of the worker and capitalist households.

Definition 4.1. The real wage, or worker consumption, is a 1 x n row vector, w =
[w;]. Each w; > 0 represents the physical quantity of commodity-type ¢ consumed by
workers. Workers consume at least one commodity so there is a j such that w; > 0.

Definition 4.2. Capitalist consumption is a 1 x n row vector, ¢ = [¢;]. Each ¢; >
0 represents the physical quantity of commodity-type ¢ consumed by capitalists.
Capitalists consume at least one commodity so there is a j such that ¢; > 0.

Definition 4.3. A Sraffian system ¥ is a price equation,
(5) P = (PA +1w)(1+7),

20



Y /
Worker
households
‘4“ Vk

FiGUurRe 3. Inputs and outputs of worker household sector.
Inputs: the real-wage w and the nominal wage-rate w per unit of
labour. Outputs: the wage bill pw?' per unit of labour, and direct
labour 1 performed per unit of commodity produced.

a quantity equation,
(6) a=qA" +w+ec,

and a 4-tuple (A,1,w,c), where A and n = w + ¢ are admissible. The technique,
direct labour coefficients, real wage, and capitalist consumption are independent
variables.

The Sraffian system represents sufficient information to construct a circular flow
representation of simple reproduction. Other starting points, which also embody
sufficient information, in terms of different independent variables, are possible. The
independent variables of the Sraffian system are quantities that in principle can be
measured.

4.1. Worker households. The outputs of the worker household sector are units of
labour. The inputs to the worker sector are a bundle of consumption commodities.

The labour outputs per unit of commodity produced, 1, are known. We need to
deduce the commodity inputs per unit of labour produced, that is consumption rates
per unit labour.

Lemma 4.1. ¥ determines the composition of gross output, q.

Proof. W specifies the real wage and capitalist consumption, hence gross output is
determined by equation (4). O

Definition 4.4. The total quantity of labour, L, is the amount of labour directly
applied during the production period.

Lemma 4.2. ¥ determines the total quantity of labour, L = ql*.

Proof. The total quantity of direct labour is determined by gross output and the
direct labour coefficients. By lemma 4.1 gross output is determined by the Sraffian
system. ]
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Definition 4.5. The worker consumption coefficients are a 1 X n row vector, w =
[w;]. Each w; > 0 represents the physical quantity of commodity-type 7 directly
required to output 1 unit of labour-power.

Lemma 4.3. ¥ determines worker consumption coefficients, w = w/ L.

Proof. Worker consumption coefficients are determined by the real wage and the
total quantity of labour. By lemma 4.2 the total quantity of labour is determined
by the Sraffian system. O

Figure 3 depicts the inputs and outputs of worker households.

4.2. Capitalist households. The output of the capitalist household sector is money
to fund production. The inputs to the capitalist sector are a bundle of consumption
commodities.

Specifying the output of the capitalist sector is a subtle task for two reasons.
First, we need an account of the property relations between capitalist households
and firms in order to model the supply of working capital and the receipt of profit
income. Second, the output of the capitalist sector is money and hence, unlike any
other sector, the output coefficients have a direct relationship to commodity prices.

The firm is the legal party that owns all produced outputs, all the liabilities for
used-up inputs and all the discretionary control rights over the work process [15]. In
contrast, legal parties that supply only inputs, such as employees or input suppliers,
do not possess such property rights. Under capitalism the suppliers of equity capital
(stockholders) assume the ownership rights of the firm and thereby claim a residual
profit-income from firm revenue, once capital and labour costs are paid. Hence,
money, in the hands of capitalists, can function as money-capital because its supply
to production commands a return. In constrast, money, in the hands of consumers,
that is either workers or capitalists spending for personal consumption, does not
command a return and functions only as means of exchange. Although consumers
do not charge producers for the service of buying goods, capitalists do charge firms
for the service of supplying capital. Money-capital is simply money that performs a
different function in virtue of capitalist property rights: when spent, it increases in
value and returns (under conditions of self-replacing equilibrium).

The supply of money-capital to fund production is an objective and socially nec-
essary feature of capitalist production. Hence, under conditions of capitalist pro-
duction, money-capital is a ‘factor of production’ like any other commodity input.
Input-output coefficents describe the transmission of heterogenous materials and ser-
vices between productive activities. At this level of abstraction the productive activ-
ities can be viewed as capitalist firms. The role of capitalist as the residual claimant
in the firm can be represented in an input-output model by treating money-capital
as a commodity with a price.
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Definition 4.6. The direct money-capital coefficients are a 1 X n row vector, m =
[m;]. Each m; > 0 represents the nominal quantity of money-capital directly sup-
plied to output 1 unit of commodity-type 7. m represents unit input costs for each
commodity type, where costs include the cost of commodity inputs and wages.

Money-capital coefficients are implicitly defined by a Sraffian system W.
Lemma 4.4. ¥ determines the rate of profit r.

Proof. By lemma 4.3 worker consumption coefficients are determined by the Sraffian
system. The wage rate, w, exactly covers the cost of the real wage, w; that is,
w = pw'. Substituting for w in equation (5) gives

(7) p = (PA+pw )(1+7)

(8) = pAfT(1+r).

Let A, = 1/(1+ r) and rearrange to get

(9) pAT = \p.

The (m/axi;num eigenvalue solution of equation (9) yields A, and hence the profit rate
r=(1/\,) —1. O

Prices and the wage rate are determined up to the choice of numéraire. Once the
scale of the price system is fixed the money-capital coefficients are determined.

Lemma 4.5. ¥ determines the money-capital coefficients, m = p/(1 + r), where p
is the left-hand eigenvector of AT associated with the maximum eigenvalue.

Proof. ¥ determines 7 by lemma 4.4. p is the left-hand eigenvector of A1 associated
with A, = 1/(1+7). By lemma 2.5, prices are positive with two unknowns. Specifying
the real wage eliminates w; hence p has one unknown, which is fixed by a numéraire
equation.

The money-capital coefficients, m, represent the nominal amounts of working cap-
ital required by each activity during the production period in order to pay for input
materials, including labour. Equivalently, the coefficients represent the unit costs for
each sector that are marked-up by the prevailing rate of profit to determine output
prices. The money-capital coefficients are unique, therefore, in having the following
direct relationship to commodity prices,

(10) p=m+mr=m(l+r).
Hence,
1
11 m =
(11) P
which is a scalar multiple of prices, as required. 0

U determines the supply of money-capital from the household sector to the n
production activities. Let’s consider the monetary exchanges between the capitalist
sector and a single industry .
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FIGURE 4. Monetary exchange between capitalists and firms.
(i) Firm i sells unit output and receives p; revenue. (ii) The revenue is
transferred to the capitalist owner(s). (iii) The capitalist supplies m;
money to the firm to fund the production period. This money func-
tions as money-capital and receives a return. (iv) The firm spends its
working capital to cover the input costs incurred during the produc-
tion period. The net monetary exchange between capitalist and firm
is the residual profit income, m;r, where r is the rate of profit.

To produce 1 unit of commodity ¢ requires the supply of m; units of money-capital
to pay for used-up inputs and wages. Once supplied, the money-capital reverts to
means of exchange, and is transferred to input suppliers, which are other industries
and worker households. Industry ¢ sells the unit product on the market and receives
p; revenue. The revenue is transferred to the capitalist owners. A part of the revenue,
m;, is allocated as money-capital to fund the next ‘round’ of production. Hence, in
simple reproduction, the supply of money-capital is not an injection of additional
money into circulation but the allocation of firm revenue by capitalist owners to meet
the liabilities incurred during production. Once input costs are met the residual
income is p; — m;. By equation (10) p; — m; = m;r and so profit is m;r.

Figure 4 depicts the monetary exchanges between capitalists and firms. The capi-
talist sector supplies m; units of money-capital and receives gross revenue p;, part of
which replaces the used-up money-capital, leaving a net, or residual, profit-income
m;r. This profit income may then be spent on capitalist consumption goods (in sim-
ple reproduction capitalists neither save nor make new investments). The output of
the capitalist households, money-capital m;, therefore commands the price, r, which
is identically the rate of profit, a ratio measured in units of currency per unit of cur-
rency. ‘It is not until capital is money-capital that it becomes a commodity, whose
capacity for self-expansion has a definite price quoted every time in every prevailing
rate of interest’ [45].
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Note that this model of profit income is not an addition to Sraffa’s theoretical
framework but is implicit within it. Once the Sraffian system is defined the deduction
of the money-capital coefficients follows as a logical necessity.

We can now determine the final item of information required to close Sraffa’s open
representation: the capitalist household consumption rates per unit of money-capital
supplied.

Definition 4.7. The total quantity of money-capital supplied, or total money-capital,
M, is the nominal amount of money-capital supplied in the production period.

Lemma 4.6. ¥ determines the total money-capital, M = qm?™.

Proof. The quantity of money-capital supplied is determined by gross output and
the money-capital coefficients. By lemmas 4.1 and 4.5 both are determined by the
Sraffian system. O

Definition 4.8. The capitalist consumption coefficients are a 1 X n row vector,
¢ = [¢;]. Each ¢; > 0 represents the physical quantity of commodity-type ¢ directly
required to output 1 unit of money-capital.

Lemma 4.7. ¥ determines capitalist consumption coefficients, ¢ = c/M.

Proof. By lemma 4.6 capitalist consumption coeflicients are determined by the Sraf-
fian system. O

Capitalists receive 17 units of money for every unit of money-capital supplied to
production. The capitalist class spend the profit-income on consumption.

Lemma 4.8. Given W, the rate of profit is the total price of capitalist consumption
per unit of money-capital supplied; that is

(12) r =pcrl.
Proof. See appendix A. O

The equality of the price of money-capital and the cost of capitalist consumption,
r = pc’, is the counterpart of the equality of the price of labour and the cost of the
real wage, w = pw..

Equation (12) is an instance of Kalecki’s principle ([33], Ch. 3) that ‘capitalists
earn what they spend’ ([79], Ch. 3). Kalecki deduces a macroeconomic accounting
identity in a closed economy between gross profits and the sum of gross investment
plus capitalists’ consumption. In simple reproduction, gross investment is zero, hence
Kalecki’s principle implies that gross profits equal capitalists’ consumption. Equation
(12) implies pct = mqTr = (r/(1+7))pq’; that is total capitalist earnings (mq*r)
are equal to total capitalist expenditures (pc").

Figure 5 depicts the inputs and outputs of capitalist households.

Proposition 4.1. The Sraffian system ¥ determines

(1) worker consumption coefficients, w,
(2) direct money-capital coefficients, m, and
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FIGURE 5. Inputs and outputs of capitalist household sector.
Inputs: capitalist consumption ¢ and the price of money-capital r per
unit of money-capital supplied. QOutputs: the consumption bill pe*®
per unit of money-capital supplied, and direct money-capital coeffi-
cients m supplied per unit of commodity produced.

(3) capitalist consumption coefficients, c,

which are dependent variables.
Proof. By lemmas 4.3, 4.5 and 4.7 respectively. O

Proposition 4.1 simply states that inputs to the worker sector, w, and the inputs
and outputs of the capitalist sector, ¢ and m, can be deduced from the open Sraffian
system W, once the size and composition of the net product is specified.

We now have sufficient information to construct a closed, circular flow represen-
tation of Sraffa’s equations.

5. SIMPLE REPRODUCTION AS A MONETARY-PRODUCTION CIRCULAR FLOW

Although the circular flow representation of simple reproduction can be con-
structed from a Sraffian system it is an independent economic model. So first we
specify the model; then we relate it to the Sraffian system. The main feature of the
circular flow is that the surplus is fully distributed, the flow is uninterrupted, and
money-capital is a commodity. But we shall see that it is nonetheless formally equiv-
alent to a Sraffian system. It is a different view of the same economic reality. But
the new viewpoint discloses properties that are otherwise hidden by Sraffa’s surplus
representation.

Definition 5.1. The circular flow representation of simple reproduction, or circular
flow, is a n + 2 X n + 2 matrix,

Ao [WO]T [(—:O]T
C= I° [0 0 = [Ci,j],
m° 0 B

where:
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(1) A° = [a; ] is a n x n matrix of inter-activity coefficients. Each a;; > 0
represents the physical quantity of commodity-type i directly required to
output 1 unit of commodity-type j.

(2) w° = [w;] is a 1 x n row vector of worker consumption coefficients. Each
w; > 0 represents the physical quantity of commodity-type ¢ directly required
to output 1 unit of labour-power.

(3) ¢ = [¢;] is a 1 X n row vector of capitalist consumption coefficients. Each
¢; > 0 represents the physical quantity of commodity-type 7 directly required
to output 1 unit of money.

(4) I° = [l;] is a 1 x n row vector of direct labour coefficients. Each {; > 0
represents the physical quantity of labour-power directly required to output
1 unit of commodity-type z.

(5) m° = [m;] is a 1 X n row vector of direct money-capital coefficients. Each
m; > 0 represents the nominal amount of money-capital directly supplied to
output 1 unit of commodity-type :.

(6) The scalar 0 < a < 1 is the the fraction of the labour time devoted to
non-productive activity. a = 0 implies the all labour time is devoted to
production and a = 1 implies all labour time is devoted to leisure.

(7) The scalar 0 < 8 < 1 is the capitalists’ propensity to save, that is the fraction
of capitalist income not spent on consumption. g = 0 implies zero savings
and B = 1 implies full savings.

Commodity types are labelled 1,2, ..., n+2. By convention commodity-type n+1
is labour-power and commodity-type n 4+ 2 is money-capital; hence, the first n com-
modity types are those conventionally considered as technical factors of production.
Money is supplied by capitalists at a price, and is therefore a commodity like any
other; however, it is not directly produced by labour and may therefore be consid-
ered a pure nominal representation, like paper money. The capitalist class enjoys
a monopoly in the activity of supplying money-capital to the n production sectors.
Money-capital is not directly supplied to the labour sector because it consists of
domestic households that rent-out labour, rather than capitalist-owned firms that
produce labour for profit.

Figure 6 depicts the circular flow.

Some conditions must be met in order for the circular flow to represent an economy
in a state of self-replacing equilibrium.

The money-capital must match unit costs. This condition is specified by the
following constraint.

Definition 5.2. The money-capital constraint is

(13) m° = \,p' = [my]
and
(14) m°[c’]" = (1 - An)(1 - ),
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FIGURE 6. Simple reproduction as circular flow. A° specifies
input-output relations between n activities. Money exchanges are rep-
resented by scalars and commodity exchanges by vectors. Capitalists
supply money-capital, m°, to fund production, and receive a gross re-
turn p°1t. A part, m°, funds the next round of production, and a
part, m°1Tr where r is the rate of profit, is net profit-income. A
fraction, 3, is saved. The remainder p°[c°]T is spent on consumption
goods ¢°. The working class provides labour 1° to production and re-
ceives income 1°1Tw, where w is the wage rate. The wage is spent as
p°[w°]T on consumption goods w°. A fraction of the available labour
time, «, is devoted to non-productive activity.
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where \,, = 1/(1+7) is the maximum eigenvalue of AT = A°+[w°]|T1°, and p' is the
associated left-hand eigenvector of A*. m° and ¢° are determined up to the choice
of numéraire, which is fixed by a numéraire equation. Equation (13) ensures that
money-capital supplied matches unit costs and equation (14) ensures that capitalist
income and expenditure balance.

Money-capital is just another commodity in the circular flow, except for the special
property that its quantity is directly related to commodity prices, as expressed by
the money-capital constraint. As before, the net or residual transfer of money from
sector i to the capitalist household sector is m;r (see figure 6). In the case of zero
saving, 8 = 0, profit income is identical to the price of capitalist consumption. In
the case of non-zero savings, 0 < # < 1, a proportion of profit income is deposited
in savings accounts and not spent on consumption goods.

Every activity must trade with every other, at least indirectly. This is captured
by the concept of irreducibility [26].

Definition 5.3. Let S be a subset of the indices 1,...,n + 2 and let S’ be its
complement. The circular flow C is 4rreducible if for all S there is a ¢;; > 0 for
jeS,ie S Otherwise, it is reducible.

A rank condition, rank I — C = n + 1, ensures that the total volume of demand is
equal to the productive capacity of the system [56]. It also ensures there are n + 1
independent equations for n + 2 unknowns, and hence solutions are determined up
to the choice of numéraire. The rank condition implies det[I — C] = 0 and hence 1
is an eigenvalue of C (cf. [56], p. 59).

Definition 5.4. An admissible circular flow satisfies the following conditions:

(1) C > 0 is a non-negative square matrix.

) C is irreducible.

)rankI-C=n+1.

) C satisfies the money-capital constraint.

5) I° > 0, i.e. labour is directly required for the production of all n commodities.

(2
(3
(4
(

Now we show that the Sraffian system implicitly defines a circular flow represen-

tation of simple reproduction.

Theorem 5.1. The Sraffian system ¥ uniquely determines an admissible circular
flow Cy.

Proof. By proposition 4.1, ¥ determines w, m and ¢. Set A° = A, 1°=1 w° =w,
m° = m, and ¢° = ¢ to give the circular flow

A wT ¢T
Cy = 1 0 0
m 0 0

(1) Cy > 0 is a non-negative square matrix by definition of W.
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(2) Assume Cy is reducible. Then there is a closed subset of activities that do
not need inputs from the remaining activities. Activities 1,...,n all require
direct inputs of labour and money-capital, due to the positivity of 1 and m.
So any closed subset necessarily contains the worker and capitalist sectors.
But by definition, workers and capitalists consume at least one commodity,
and the net product is admissible, that is all final commodities are consumed.
So the worker and capitalist sectors require, directly or indirectly, inputs from
all other activities. Thus there cannot be a closed subset of activities that
do not need inputs from the remaining activities; hence C is irreducible (cf.
[6], p. 25).

(3) If rank I — Cy = n + 1 then any one row of the matrix I — Cy is a linear
combination of the remaining n + 1 rows.

Any row i € [1,n + 2| is a linear combination of the other rows if there is
an x = [z;] such that

I-A —w' —c"

[—rh(]l}zx _1 1 0

Expand to get three equations: (i) —m = x[n + 1](I — A) — z,1w, (ii)
0=—x[n+ 1wt +2,,1, and (iii) 1 = —x[n + 1]eT. Set x = —(1/7)[ p w ]
and substitute into the three equations. Then (i) is p = m + mr (as m =
PA + 1w); (ii) is w = pw?'; and (iii) is r = pc'. Hence, all three equations
are satisfied by the Sraffian system (see lemma 4.5 and lemma 4.8) and so
there is an x that satisfies the condition and rank I — Cy < n + 2.

Excluding row n + 2, any row ¢ € [1,n + 1] is a linear combination of the
remaining rows if there is an x = [z;] such that

[-1 1 0]=x[I-A —w' —c"].

Expand to get three equations: (i) —1 = x — xA, (ii) 1 = —xw7, and (iii)
0 = —xc'. Consider (iii), x¢T = 0, which implies that x is orthogonal
to the non-zero vector €' > 0 in the positive orthant. Hence, there is an
x; > 0. Now rearrange (i) to get x = —1(I— A)~! = —1L. A is productive so
L > 0 and, by definition, 1 > 0; therefore, x < 0. But this contradicts the
requirement that there is an x; > 0. Hence, no x can satisfy the condition
and therefore the sub-matrix excluding row n + 2 is of full rank.
Combining, we deduce rank I — Cy =n + 1.
(4) m satisfies the money-capital constraint by lemmas 4.5 and 4.8.
(5) 1> 0 by definition of .

Hence Cy is an admissible circular flow. O

This theorem means that a Sraffian system is equivalent to a circular flow with
zero savings and full employment of labour time.

Now we will analyse the properties of the circular flow independent of any relations
to Sraffa’s system. Once this is done, we will show that the properties of the circular
flow also hold in Sraffa’s system.
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kij = kajCai+ kv jchi + ke jce

FIGURE 7. Local real-cost conservation. The j-cost of commodity
1 is the weighted sum of the unit j-cost of all its inputs, in this case
commodity-types a, b and c.

5.1. Real-cost accounting in the circular flow. Linear production price and
quantity equations are conservation laws, or accounting identities, that hold in a state
of self-replacing equilibrium. The standard approach in linear production theory is
to formulate a price equation, which expresses the intra-activity conservation of
nominal costs and revenues, and a quantity equation, which expresses the inter-
activity conservation of physical inputs and outputs. Here we initially depart from
convention by first considering the conservation of real-costs.

To manufacture, say, 1 unit of corn in the circular flow requires various direct
inputs; but these direct inputs, in turn, require definite amounts of indirect inputs,
and so on. In consequence, a unit of any given commodity requires a definite amount
of other commodities to be produced in the economy as a whole.

Definition 5.5. The real-cost of commodity ¢ in terms of commodity 7, or j-cost of
i, denoted k; ;, is the total amount of j used-up in the economy as a whole during
the production of 1 unit of i.

K = [k; ] is the n+2xn+2 matrix of real-costs. Column vector KU) represents the
real-costs of commodity-types 1,...,n+2 in terms of j. Row vector K;) represents
the real-cost of commodity-type j in terms of commodity-types 1,...,n + 2.

In the circular flow all output is productively consumed. So the total amount of
commodity-type ¢ used-up in the economy as a whole during the production of 1 unit
of ¢ is by definition 1 unit. For example, if k;; > 1 then production of commodity-
type ¢ is unproductive and any existing stocks in the economy eventually exhaust.
If k; ; < 1 then production of commodity-type ¢ is productive and stocks accumulate
over time.

Definition 5.6. The real-cost of 7 in terms of 7 is 1, thatis k;; = 1 for¢ =1,...,n+2.
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Consider accounting for the real-cost of activity i € [1,n + 2]. Activity ¢ takes
m < n + 2 commodities as direct input and generates a single commodity 7 as
output. For example, assume that activity ¢ only requires commodity-types a, b and
c as direct inputs, that is ¢, ; > 0, ¢p; > 0, c.; > 0, where all other input coefficients
are zero. To produce 1 unit of a requires the productive consumption of k,; units
of j in the economy as a whole. But to produce 1 unit of 7 only ¢,; units of a are
required. Hence, £, jc,; units of j are used-up to produce input a to activity 7. The
total units of 7 used-up to produce 1 unit of ¢ is then the sum of the unit j-costs
of all the input commodities weighted by the associated input coefficients. Figure 7
depicts the local conservation of real-costs for this example.

In general, the amount of j used-up during the production of 1 unit of 7 is

n—+2

3 kaemi = KP[CO]T,
m=1

where C® is the ith column of the circular flow.

The total j-cost of input commodities to activity ¢ is simultaneously consumed
in the economy as a whole in order to produce unit output of commodity-type 3.
Hence, the j-cost of commodity-type 7 is equal to the total input j-cost,

(15) kij = KW[COT,

Let the 1 x n + 2 row vector k; = [KW]T represent the j-cost of each commodity-
type 1...n+2. Collecting equations (15) into vector form we can state the complete
set of circular flow real-cost equations.

Definition 5.7. The circular flow real-cost equations are
(16) k; =k,C.
for1 <j<n+2.

Equation (16) determines the real-cost of all commodity-types in terms of commodity-
type j. As each k; is determined by the same equation it is clear that k; o< k; for
all 7 and j; in other words, the real cost of commodity-types measured in units of ¢
is proportional to the real-cost of commodity-types measured in units of j.

The circular flow is irreducible so a given commodity-type has n + 2 non-zero
real-costs associated with the n + 2 commodities that enter into its production; that
is K> 0.

Lemma 5.2. By equation (16) real-costs are positive and unique for admissible
circular flows up to multiplication by a positive number.

Proof. A standard result (for examples in another context, see pages 81 and 310 of
[39]). Since 1 is an eigenvalue of C there is a solution to k;(C —I) =0. C > 0 and
irreducible so the associated eigenvector is strictly positive and the only non-negative
vector that satisfies the equation (Perron-Frobenius theorems). O
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Lemma 5.3. The n + 2 real-cost solutions are mutually consistent, that is
ki = kjk;
for all 7 and j.

Proof. Each k;, j =1,...,n+2, is determined by the identical equation (16); there-
fore k; = o, k; for all ¢ and j, where «;; is a constant of proportionality. As
ki = Cki,jkj and kj = ij,z'ki then OG5 = 1/CVj,i- Since kj,z' = ai,jkj,j then Q5 = kj,i/kj,j;
so k; = (k;i/k;;)k;. By definition 5.6, k;; = 1 and the conclusion follows. O

Consider production from the perspective of a particular activity j € [1,n + 2],
which we shall call the base activity. The n+ 1 other activities produce commodities
that are directly or indirectly required as inputs to activity j. Hence, from the
perspective of the base activity the other commodities are factors of production. For
example, in a 4-commodity circular flow, from the perspective of the corn sector,
iron, labour and money-capital are factors of production; but from the perspective
of the iron sector, corn, labour and money-capital are factors of production, and
so forth. In a circular flow all activities are connected and all acts of production
are simultaneously acts of consumption. Although the consumption of goods by
workers and capitalists is the ultimate goal of economic activity that consumption is
a precondition for the reproduction of labour and the advancement of money-capital.
Factors of production and the final results of production are relative to the choice of
base activity.

Define the index mapping function

(z) = x when z <%
9i\T) =\ z+1 when z > 1.

Definition 5.8. The j-inverse is
Lj = Cljilil = T~ Clili) " = Amal,
i=0

where A, , represents the physical quantity of the g;(m)th commodity-type needed
in the economic system as a whole in order to eventually obtain the availability of 1
unit of the g;(n)th commodity-type as an input to the jth activity. L; is a matrix
of vertically integrated factor coefficients from the perspective of activity j.

Just as for the Leontief inverse the j-inverse can be better understood by analysing
its matrix power-series representation, L; = >"°  C[j|4]*. Assume a ‘final demand’
of unit factors to the base activity, where the factors are all the commodity-types
excluding j. m € [I,n+ 1] and n € [1,n + 1] index respectively the rows and
columns of L;. The amount of commodity g;(m) = m’ directly required to generate
1 unit of gj(n) = n’ as input to sector j is trivially 0,y ns, where 6, = 1if a = b
and d,p = 0 otherwise. The unit ‘final demands’ can therefore be represented by
the n +1 x n + 1 identity matrix I. To produce ‘final demand’ I requires inputs
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of IC[j|j] = CJ[j|j] (recall that the ith column of C[j|j] represents the commodity-
inputs directly required to produce 1 unit of 4, excluding the contribution of activity
7). These inputs, in turn, require direct inputs of C[j|j]?, which, in turn, require
direct inputs of C[j|4]3, and so forth, ad infinitum. The vertically integrated factor
coefficients are then the sum of the power series I+ C[j][7]+Clj][7]*+- - -+ C[4][4]" as
n — oo. The concept of vertical integration, that is ‘adding up’ real-costs through
successive conceptual ‘rounds’ of production that correspond to the terms of the
power-series representation, reveals the interdependencies within the economy, but
it does not imply that production within the period is in fact composed of such
‘rounds’.

There are n + 2 j-inverses corresponding to the n + 2 choices of base activity.
The Leontief inverse, defined earlier, represents vertically integrated factor coeffi-
cients from the perspective of the worker and capitalist sectors that consume the net
product. In contrast, the j-inverse represents vertically integrated factor coefficients
from the perspective of a single sector in the circular flow. For example, the n 4 1-
inverse represents vertical integration from the perspective of the worker household
sector that consumes a part of the net product; similarly, the n + 2-inverse repre-
sents vertical integration from the perspective of the capitalist household sector that
consumes the remainder of the net product. Inverses j = 1,...,n represent vertical
integration from the perspective of production activities that consume inputs. In the
circular flow the distinction between an undistributed net product and other inputs
and outputs is absent.

Lemma 5.4. Absolute j-costs, in terms of the j-inverse, are given by
(17) k;[j] = Cp 1Ly

Proof. Real-cost equation (16) implies k;(I — C) = 0, which is the homogeneous
equation, k;H = 0, where H=1 - C.

C is admissible and therefore by lemma 5.2 the real-cost solution is undetermined
up to a choice of an arbitrary positive number. Consider that the output of activity
7 is chosen to be the basis commodity. As H is of rank n+ 1 the system of equations
k;H = 0 has one equation linearly dependent on the others, which can be removed
without consequence. By removing the jth column of H the homogeneous equation
can then be further decomposed into the equivalent system

k;[7H[j[5] + k; ;H[5] = 0,

where k;[j] is the 1 x n+ 1 row vector of all real costs excluding the basis formed by
removing the jth entry from the complete real-cost vector k;; H[j|j] is the n+1xn+1
sub-matrix formed by removing the jth row and jth column from H; k; ; is the real-
cost of the basis in terms of units of the basis; and H;)[j] is a 1 x n + 1 row vector
equivalent to the jth row of H excluding its jth element. Relative real-costs can
therefore be written in terms of the basis as follows:

k;[j] = —H) J1HL15] ki -
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As H =1- C then H[j|j] = [I — C][j|j] =1[j|j] — C[j|j] = I— C[j|j]. Hence,
k;[j] = —H[j[7](T — C[j17]) k-
Also, H;)[j] = [I - Clyli] = Iyls] — Cylil = 0 — Cy[j] = —C;y[s]. Hence,

(18) k;[j] = Cyl1(X — Clils]) "y,
expressed in terms of the variable k; ;, which by definition 5.6 is 1. O

Opocher [55], following a suggestion by Harrod, examines real-costs (via a different
route to the one adopted here) in Sraffa’s closed equations. He makes the important
observation that real-costs have a dual interpretation. As k; ; units of j are used-up
during the production of unit 7, and all amounts productively consumed are received
via market exchanges, then real-costs are also market rates of exchange. So the real-
cost of commodity 7 in terms of commodity j is the amount of j per unit of 7 that
enters the market. The following lemma expresses the fact that this relationship is
reciprocal.

Lemma 5.5. The j-cost of i is the reciprocal of the i-cost of j; that is
(19) kij =7

for all 4 and j.
Proof. By lemma 5.3, ki; = kj;ki; and ki j = k; jki;; combining k; ; = 1/k;;. O

For example, if k; ;11 units of 7 enter the market per unit of labour then 1/k; 41 =
kn+1; units of labour enter the market per unit of i. Assume the ‘own use’ of
commodity-type 7 by activity ¢ is mediated by a market exchange. Then £;; = 1
expresses the fact that every unit of ¢ produced is exchanged in the market.

Real-costs in the circular flow therefore support (at least) two interpretations: the
vertical integration interpretation, in which the real-cost of ¢ in terms of j represents
the total amount of j used-up in the economy as a whole during the production of
unit ¢; and the market exchange interpretation, in which real-cost is the amount of j
per unit 7 that enters the market. Let’s analyse the meaning of these interpretations
in a little more depth.

Ellerman [14] analyses equilibrium prices in closed ‘market graphs’ and notes that
‘there exists a system of prices for the commodities such that the given exchange
rates are the price ratios if and only if the exchange rates are arbitrage-free (in the
sense that they multiply to one around any circle)’ and relates this principle to many
kinds of conservative systems, including Kirchoff’s Voltage Law in electrical circuits.
The principle was first formulated by Cournot (1838) for rates of currency exchange
[11], and was taken up by Walras in his analysis of equilibrium ([35], ch.2). Krause’s
analysis of equal exchange in an ‘exchange-structure’ ([35], ch.2) employs the same
non-arbitrage principle. Cockshott and Cottrell [8] make an equivalent observation
and point out that the metric of commodity-exchange implies there is an underlying
linear conservation law.
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FiGurk 8. Real-cost graph for a 3-sector economy with labour
as the basis. The complete real cost graph is fully connected. Here
were depict only the edges to and from the labour sector, where k, =
[K®]T. The labour-cost of 4, ki 4, is the reciprocal of the i-cost of
labour, ky; = 1/k; 4. The real-costs around any closed loop multiply
to 1.

In our context real-costs also satisfy this conservation property. A real-cost graph
is associated with every circular flow. Under the market exchange interpretation
the edges of the real-cost graph are market rates of exchange. Figure 8 depicts an
example real-cost graph for a 3-sector economy (plus 2 household sectors).

Definition 5.9. A closed loop in the real-cost graph is a sequence of sector indices,
S = {b,...,b}, where index b only appears once at the beginning of the sequence
and once at the end of the sequence.

If the product of the market exchange rates around any closed loop in the real-cost
graph is greater than 1 then real-cost profits are possible. For example, assume the
labour-cost of iron is k3 4 = 2 hours per tonne and the iron-cost of labour is k4o = 1.5
tonnes per hour; then ky4kso = 3 > 1. A market agent that has 1 tonne of iron
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can exchange it for 2 hours of labour, and then exchange the 2 hours of labour for 3
tonnes of iron, ending up with more iron than at the start [8].

Under the vertical integration interpretation the edges of the real-cost graph are
commodity transformation rates. In this case, if the product of the transformation
rates around any closed loop is greater than 1 then stock accumulation is possible.

That real-costs around a closed loop multiply to 1 is therefore an equilibrium
condition.

Proposition 5.1. Real-costs around a closed loop multiply to 1.
Proof. See appendix B. O

Sraffa’s analysis of real-cost properties in his closed model of Chapter 1 is inade-
quate, being restricted to, ‘while in the two-industry system the amount of iron used
in wheat-growing was necessarily of the same value as the amount of wheat used in
iron-making, this, when there are three or more products, is no longer necessarily
true of any pair of them. Thus in the last example there is no such equality and
replacement can only be effected through triangular trade’ [75]. But as we have
shown the reciprocal relationship between real-costs obtains in higher-dimensional
economies. The concept of real-cost does not feature in PCMC after this point.
Marx’s examination of the expanded and general form of value in the early chapters
of Volume I of Capital [44] is an example of real-cost analysis.

Pi = PaCa,i + DPvCo,; + DcCeyi

FIGURE 9. Local price conservation. The price of commodity ¢ is
the weighted sum of the unit prices of all its input commodities, in
this case a, b and c.

5.2. Price accounting in the circular flow.
Definition 5.10. The circular flow price equation is
(20) p’ =p°C,

where p° = [p;] is a 1 x n + 2 row vector of prices.
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Price equation (20) defines stationary, equilibrium prices. It expresses the con-
dition that for each activity the total price of commodity inputs equals the price
of the commodity output. The costs and revenues for all activities are in perfect
balance and monetary value is conserved in production. Figure 9 depicts the local
conservation of monetary value.

Note that the circular flow price equation is a closed input-output model, identical
in form but different in structure to Leontief’s closed model and Sraffa’s subsistence,
or ‘no surplus’, equations. Note also that the form of the price equation, p° = p°C,
is identical to the form of the real-cost equations k; = k;C (j =1,...,n+2).

Lemma 5.6. Equilibrium prices are positive and unique for admissible circular flows
up to multiplication by a positive number.

Proof. Prices are the eigenvector associated with the unit eigenvalue of C. The proof
is identical to lemma 5.2. 4

Lemma 5.7. Relative prices solutions in the circular flow are

(21) P[] = Ciy)liLp;
forj=1,...,n4+2.

Proof. The price equation is identical in form to any of the n + 2 real-cost equations;
hence, the conclusion follows via a similar argument to lemma 5.4. 4

Leontief notes that prices in a closed model equal total unit costs, ‘but this is
the “law of value” of the so-called objective value theory’ [41]. Sraffa remarks that
prices in his closed equations ‘spring directly from the methods of production’ [75],
but does not elucidate further. Opocher [55] has recently shown that relative prices
in Sraffa’ subsistence equations reflect ‘physical real-costs’, a concept that ‘Sraffa
was particularly interested in the early times in which the [closed] equations were
first formulated’. Circular flow prices also have this property.

Theorem 5.8 (Circular flow prices are proportional to real-costs). The price of
commodity 7 equals the j-cost of ¢ multiplied by the price of commodity j:

pi = ki;pj,
for all i and j. In vector notation, p°[j] = k;[j]p;-

Proof. Substitute equation (17) (lemma 5.4) into equation (21) (lemma 5.7) to get
p°l5] = k;[71pj. O

For example, the price of commodity-type 7 is equal to the price of any commodity-
type j multiplied by the amount of j that is used-up in the economy as a whole in
order to produce unit 7.

The simple, value-theoretic principle of real-cost governs the circular flow in a
state of self-replacing equilibrium.
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qi — 4aCia + GvCip + GcCic

-—

Ficure 10. Local quantity conservation. The production of ¢;
units of commodity 7 is distributed to other activities, in this case a,
b and c, in definite proportions.

5.3. Quantity accounting in the circular flow. The analysis of quantity solu-
tions is included for completeness.

Definition 5.11. The circular flow quantity equation is
(22) q° =q°CT,
where q° = [¢;] is a 1 X n + 2 row vector of quantities.

Quantity equation (22) defines stationary, equilibrium quantities. It expresses the
condition that for each activity the total quantity of outputs equals the total quantity
of inputs to other activities. Figure 10 depicts the local conservation of quantities in
exchange.

Lemma 5.9. Equilibrium quantities are positive and unique for admissible circular
flows up to multiplication by a positive number.

Proof. The proof is similar to lemma 5.2, except we use the transpose of C. Quan-
tities are the eigenvector associated with the unit eigenvalue of C?. O

Lemma 5.10. Relative quantity solutions in the circular flow are
(23) a’lj] = [CVI'[IILS ¢
forj=1,...,n4+2.

Proof. The quantity equation is identical in form to any of the n + 2 real cost equa-
tions, except C is replaced by its transpose; hence, the conclusion follows by a similar
argument to lemma 5.4 with the additional observations that the j-inverse of CT is
the transpose of the j-inverse of C and [CT](;) = [CW]T. O
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6. PRICES OF PRODUCTION ARE PROPORTIONAL TO REAL-COSTS

We now get to the crux of the argument: Sraffian prices are identical to circular
flow prices and therefore are proportional to real-costs. This fact is hidden in Sraffa’s
surplus representation of simple reproduction.

Recall that p denotes Sraffian prices and p° denotes circular flow prices.

Theorem 6.1 (Sraffian prices are circular flow prices).
[P, w,r] = p°.

Proof. By equation (21), circular flow prices, when expressed in terms of the rate of
profit, are

(24) p°[n+2] =p°[n+2]Cln+2n+2]+ Chigln+2)p,
(25) :p°[n+2][";§o [Wg] ]+[m° 0],

where 7° = py_, by definition. Let p® = p°[n + 1,n + 2| be the prices of all com-
modities, excluding the wage and profit rate. Then (25) can be written as

[pc w° } — [ pcAo+lowo pc[v—vo]T ] + [ mere }’
where w° = p; ., by definition. Hence, we get two equations
(26) p¢ = p°A° +m’r° + 1w’
(27) w® = p°[w°]".
By definition of the money-capital constraint, m° = p°’A™*, where A* = A°+[w°]TI°.
Substitute for m® into equation (26) to get

(28) p° = p°A° + I'w’® + (p°A° + p°[w°]"1°)r°.
Substitute equation (27) into (28) to get
(29) p¢ = (P°A° + I°'w°)(1 + r°),

which is a Sraffian price equation (2).

Consider the Sraffian system ¥. By theorem 5.1 U determines a circular flow Cy.
Hence, equation (29) corresponding to Cy is identically the price equation of the
Sraffian system ¥ and p = p°.

Also, w = pw' = p[w°|T = w°.

Similarly, by equation (21), circular flow prices, when expressed in terms of the
wage, are

p’ln+1] =p°n+1Cn+1n+ 1]+ Cupinn+1p,
[} A [EO]T o o]
:p[n—l-l] m° 0 +[1 O]w
[p° °] =[pA°+m pfe]" |+ [Tw 0].

Hence, r° = p°[c°|T. By lemma 4.8, r = r°.
Combining, [p,w,r] = p°, as required. O

o
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For completeness note that Sraffian quantities are circular flow quantities.
Theorem 6.2 (Sraffian quantities are circular flow quantities).
[q, L, M] = q°.
Proof. See appendix C (the proof is similar to the proof of theorem 6.1). O

It immediately follows from theorem 6.1 that Sraffian prices of production are
proportional to real-costs.

Corollary 6.3 (Prices of production are proportional to real-costs).

(30) [P, w, r][5] = k;[j]p;j,
for all j € [1,n + 2].

Proof. By theorem 6.1, Sraffian prices of production are circular flow prices, [p, w, r] =
p°. By theorem 5.8 circular flow prices are proportional to real-costs, p°[j] = k;| j]p;?.
Hence, prices of production are proportional to real-costs, [p, w,7][j] = k;[jlp; O

Once the real consumption of workers and capitalists is specified then Sraffa’s
surplus equations implicitly define a circular flow (theorem 5.1). Both representations
describe the same economic state-of-affairs and the price and quantity solutions are
identical (theorems 6.1 and 6.2). The circular flow Cy and the Sraffian system U are
different representations of the same theory of prices of production. Henceforth, we
will freely swap between the Sraffian point-of-view, ¥, and the monetary-production,
circular flow point-of-view, Cy.

A circular flow Cy corresponding to the Sraffian system ¥ can only be constructed
if the real distribution of the net product is specified. It is natural to specify this
information when Sraffa’s surplus equations are interpreted to represent simple re-
production in a state of self-replacing, ‘long-period’ equilibrium (and natural gen-
eralisations). ‘Non-equilibrium’ interpretations of Sraffa’s system, briefly mentioned
in section 3.4, in which the real distribution of the net product is not specified,
are therefore not ruled out by this result. The principle of (realised) real-cost may
be absent in such cases. Yet whether an equilibrium or non-equilibrium interpreta-
tion of Sraffa’s equations is more faithful to his intended theoretical project is not
relevant from the point of view of understanding simple reproduction in a state of
self-replacing equilibrium. The point is that, if simple reproduction (and natural
generalisations) are the object of study then the circular flow and Sraffa’s system
are equivalent.

The circular flow avoids the theoretical problems of Sraffa’s open system. Prices
are always determinate in the circular flow because it is a fully connected system
that does not break apart into basic and non-basic sub-techniques. The rate of profit
of the system is necessarily a global property of the economy, rather than a local
property of the basic sub-technique, in virtue of the causal connections between
all activities. There is no problem of self-reproducing non-basic sub-techniques;
hence additional assumptions do not need to be introduced to fix Sraffa’s price
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theory. Also, the objective approach of counting inputs and output applies equally
to the real wage in the circular flow. The subjective element that enters the analysis
of the surplus equations, due to the need to classify wage goods as necessary or
contingent for reproduction, is avoided. The production of a surplus is not a novel
distributional event that is unconnected to the next round of production — all the
surplus is consumed, and all of it is ‘necessary’ in the circular flow. In contrast,
if the real distribution of the net product is not specified then the problems of
indeterminate prices and subjectivism remain unresolved in Sraffa’s system.

The circular flow provides a new perspective on some standard Sraffian themes.
The construction of a circular flow from Sraffa’s system can be reversed by ‘opening’
the circular flow. A total of Z(n+2)(n+1) ‘surplus’ equation systems, consisting of a
price and quantity equation, can be constructed, one for each pair of activities whose
joint inputs are to be considered undistributed. The standard Sraffian system corre-
sponds to the special case when activities n + 1 and n + 2 are chosen for ‘opening’.
The other systems are non-standard Sraffian systems, in which a non-standard ‘sur-
plus’ is consumed by the selected pair of activities. The standard and non-standard
systems have mutually consistent price and quantity solutions and are thus different
representations of the same economic state-of-affairs. Sraffa’s distinction between
basic and non-basic commodities is relative to the choice of ‘opened’ activities. The
set of basics in a non-standard system in general differs from the set of basics of
the standard system. ‘Non-standard’ standard commodities can be constructed that
have the same properties that hold for the standard commodity but with respect to
bi-lateral price trade-offs rather than changes in the distribution of income. And so
on.

The circular flow is a monetary-production economy and, in contrast to Sraffa’s
surplus equations, money-capital is as a factor of production with an associated cost.
The rate of profit is the price of nominal capital. That money-capital has a real-cost
does not imply that capitalists either justly or unjustly receive profit income. Input-
output relations only describe what pertains. And under capitalist production, or at
least the theoretical idealisation of it considered here, capitalists operate a monopoly
on capital and receive a return for the act of supplying funds to production. Money-
capital is a factor of production because it is a socially necessary input to production.
And it has a real-cost because a condition of its advancement is the consumption of
a commodity bundle.

The circular flow representation discloses the value-theoretic principle of real-cost.
In contrast, Sraffa’s surplus representation obscures it because the circular flow is
interrupted. Opocher, for example, shows that the concept of real-cost that applies
to Sraffa’s closed equations does not transfer to Sraffa’s open equations. The real-
cost of a basic in terms of a non-basic is null because ‘there is no exchange between
possessors of basics and non-basics’ (and hence no market exchange rates). Opocher
concludes that Sraffa ‘did well to ignore it [the principle of real-cost] in his analysis
of the self-replacing state’ [55]. 1 conclude the opposite — that Sraffa’s surplus rep-
resentation is incomplete precisely because it fails to disclose this principle. Once
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the surplus is fully distributed real-cost is fully defined. The surplus is still there
in the circular flow but it no longer has an exceptional status as an undistributed
output. Hence, contra Sraffa, the transition from subsistence (chapter 1 of PCMC)
to surplus equations (chapter 2) need not imply that the economic object under
study changes such that ‘the system becomes self-contradictory’ ([75], p. 6) and, for
example, a new class of non-basic good appears. I think a different interpretation of
this transition is possible. Kurz and Salvadori [38] have partially documented how
Sraffa’s concept of objectivism subtly shifted as he began to study an undistributed
surplus. The transition from subsistence to surplus is an implicit switch in Sraffa’s
problematic away from an analysis of the necessary relations that obtain in a state
of self-replacing equilibrium toward an analysis of the contingent consequences of
changes in the distribution of income, from an early objectivist problematic perhaps
best represented by Petty’s methodological injunction to construct theories ‘in Terms
of Number, Weight, or Measure; and to use only Arguments of Sense, and to con-
sider only such Causes, as have visible Foundations in Nature’ (Political Arithmetick,
1690) toward a Ricardian problematic that views political economy as essentially ‘an
enquiry into the laws which determine the division of produce of industry amongst
the classes that concur in its formation’ (Letter to Malthus, 1820 [61]). The inter-
ruption of the circular flow in order to theorise income distribution, absent a proper
dynamic theory, is perhaps the theoretical reason why Sraffa was unable to sustain
the strict objectivism of Petty and the value-theoretic principle of real-cost in his
surplus equations.

The ‘self-contradiction’ that Sraffa alludes to in the transition from closed to open
model is the breaking of the exchange symmetries that obtain between real-costs
in closed models (see in particular lemma 5.5). The symmetry is broken due to
the production of an undistributed surplus. The open representation allows nominal
changes in income distribution to be studied. However, if the object of study is
an economy with a distributed surplus, such as a state of self-replacing equilibrium,
then the Sraffian open model is equivalent to a closed model, in which money-capital
is a factor of production. In such a case, an open model representation of self-
replacing equilibrium is misleading because it suggests that the production of a
surplus continues to break real-cost exchange symmetries. But in this context there
are no changes in income distribution, because once the composition of the net
product is specified and distributed to workers and capitalists, there are no contingent
consequences of varying the income distribution to examine. Once the surplus is
fully distributed and a full equilibrium state is obtained then the real-cost exchange
symmetries return.

To summarise, in an open model prices are determined once the nominal dis-
tribution of income is specified. Similarly, real-costs are determined once the real
distribution of income is specified. Both closures define a circular flow representation
of an economy in which the value-theoretic principle of real-cost obtains. Specifically,
profit-equalising prices of production are proportional to real-costs.
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The classical concept of labour-value is a real-cost with labour as the basis. We’d
therefore expect the principle of real-cost to have implications for the classical labour
theory of value. We now turn to applying the principle to an old and intractable
problem.
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Part 2. Marx’s conservation law
7. THE TRANSFORMATION PROBLEM

7.1. The classical context of the transformation problem. The classical
economists, Adam Smith and David Ricardo, observed that human labour in gen-
eral is the animate and intentional cause of economic activity. In consequence they
adopted, more or less consistently, a labour theory of value in which the labour-cost
or labour value of reproducible goods determines their price, absent supply and de-
mand fluctuations. Ricardo consistently tried to apply the principle of the law of
labour value in his Principles (1817) [60]. He considered the development of the
productivity of labour as the ultimate cause of price changes. The extensive ap-
plication of machinery in 19th century England compelled Ricardo to consider how
fixed capital, that is money-capital tied-up in the form of durable and relatively long
lasting machinery, tools, equipment, buildings, and so forth, might modify the law of
labour value [66]. Ricardo reasoned, with the aid of numerical sketches, that prices
could not be simple quantitative measures of labour-time under conditions of equal
returns to capital invested. But unlike Smith, who concluded that the determination
of value by labour-time was not applicable to ‘civilised’ times in which fixed capital is
employed [74], Ricardo concluded that although the principle must be ‘considerably
modified’ and subject to exceptions [60] it nonetheless remained a valid basis from
which to study the capitalist economy. Yet Ricardo acknowledged in his correspon-
dence that the modifications had introduced a contradiction into the theory of value.
The contradiction contributed to the dissolution of the Ricardian school of economic
thought in the 19th century [66].

Marx inherited this classical problematic within the much broader context of his-
torical materialism. For Marx, ‘labour is the substance, and the immanent measure
of value, but has itself no value’ [44]. According to Marx, classical political economy
‘never once asked the question why labour is represented by the value of its product
and labour-time by the magnitude of that value’ [44]. Marx argues, in the early
chapters of Volume I of Capital [44], that the causal powers of social labour, at a
certain stage of historical development, are of necessity represented by money in a
system of generalised commodity exchange. His theory of the law of value, an exten-
sion and modification of Smith’s ‘invisible hand’ [74], explains how the total labour
of a society is divided and allocated to different branches of production via the mar-
ket, ‘behind the backs’ of self-interested producers. The exchange of commodities
at prices that deviate from values is the mechanism by which social labour-time is
transferred from one sector of production to another. When prices equal values the
division of labour has reached an equilibrium that satisfies social demand. Rubin
summarises that ‘the law of value is the law of equilibrium of the commodity econ-
omy’ ([65], p. 67; and see p. 336 of [44], p. 178 of [45] and [82]). In Marx’s version
of the labour theory of value, labour-time is measured and directed by the operation
of the law of value, an objective social mechanism brought into being as an unin-
tended consequence of production and market exchange. Hence, unlike the classical
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authors, who adopted labour cost as a natural unit of measurement or conventional
yardstick, Marx’s ‘critique of political economy was not one which involved him find-
ing a “constant” in terms of which everything could be quantified but of establishing
the laws of mediation through which the “essence” of phenomena manifested itself
as “appearance”’ [58]. Marx, particularly in the early and difficult parts of Volume
I, constructed a theory to explain how the causal power of social labour in fact man-
ifests as ‘dazzling money-forms’ [44], in which ‘relations among people acquire the
form of equalisation among things’ ([65], p.16), a kind of anthropological approach
that identifies the characteristic social fetishes, or ideological illusions, of commodity
exchange.

In Volume I of Capital Marx adopts the theoretical simplification that commodi-
ties exchange at prices proportional to labour values. In consequence, there is a
constant of proportionality, more recently named the monetary expression of labour-
time (MELT) [18, 19, 20, 81], which translates between labour value, measured in
units of labour-time, and price, measured in units of currency. Marx defines the
value (labour-cost) of labour-power as ‘the value of the means of subsistence neces-
sary for the maintenance of the labourer’ ([44], p.167). But workers do not receive
the whole of the net product. A part is distributed to the capitalist class in the form
of profits. Marx demonstrates that total profit in a closed economy is the mone-
tary representation of the total unpaid labour of the working class, or surplus-value.
Hence capitalism, although progressive in virtue of its development of the productive
powers of social labour, is exploitative. Capitalism shares this trait with previous
class-based societies, for example feudal economic arrangements, in which the corvee
peasant works a set number of days per year gratis for the local landlord. But under
capitalism the exploitative labour-time transfers between capitalists and workers are
obscured by the apparent equitable money transfers that occur in the marketplace.

The wage form thus extinguishes every trace of the division of the
working day into necessary labour and surplus-labour, into paid labour
and unpaid labour. All labour appears as paid labour. Under the
corvee system it is different. There the labor of the serf for himself,
and his compulsory labour for the lord of the land, are demarcated
very clearly both in space and time. [44].

Marx’s theory of value directly challenges the key ideological premise of capitalism
that wages are a proper reward of labour.

Marx’s demonstration of the identity of profit and unpaid labour relies on the
assumption of price-value proportionality. Yet Smith and Ricardo had argued, more
or less clearly, that the law of value and the law of uniform profit are incompatible.
Marx needed to resolve the contradiction of the classical labour theory of value
to maintain the quantitative connection between the dual accounting systems of
price and labour-time that formed the material basis of his account and critique of
capitalist economic relations.

Marx turned to the problem in his unfinished notes published as Volume IIT of
Capital. In chapter 9 Marx presents the classical contradiction as it manifests in his
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theoretical framework. For Marx, the labour value, 6, of a commodity consists of
constant capital, ¢, which represents means of production used-up, variable capital,
v, which represents the workers wages, and surplus-value, s, which represents the
unpaid labour-time. Assume there is no fixed capital, so constant capital consists
purely of circulating capital, and that, following Lippi [42], the economy consists of
just two activities. Then the labour values, #; and , of each commodity are

(31) 01 =c+v+ s,
(32) 92 = C9 + Vg + So.

In Marx’s theory, only labour creates surplus-value; hence, the amount of surplus-
value produced by each activity depends on the variable, not the constant, capital.
Marx assumes ‘that the capitals in the different spheres of production annually realise
the same quantities of surplus-value proportionate to the magnitude of their variable

parts’ ([45], p.154); in other words, the rates of surplus value are equal,
S1 . @

(%1 V2

But capitalists earn profit on the whole of the capital supplied. So if prices are
proportional to labour values then the rates of profit in the two sectors are

S1 S1 1
’["1 = = — o
c1+ v V1 . +1
and
S9 S92 1
9 = = —

Co 1+ U2 V2 2—2 +1 '

Since we have assumed equal rates of surplus-value then the rates of profit are equal
only if the ‘organic composition of capitals’, that is the ratios ¢;/v; and cy/v,, are
equal. But there is no economic reason to think that the ratio of the value of
the means of production to the value of labour in both sectors should be equal.
Hence, ‘in the different spheres of production with the same degree of exploitation,
we find considerably different rates of profit corresponding to the different organic
composition of these capitals’ ([45], p.155). And ‘capitals of equal size produce
commodities of unequal values and therefore yield unequal surplus-values or profits,
because value is determined by labour-time, and the amount of labour-time realised
by a capital does not depend on its absolute size but on the size of the variable
capital, the capital laid out in wages’ ([46], p. 190). The law of value seems to
contradict the law of uniform profits.

Marx proposed a solution: ‘the rates of profit prevailing in the various branches
of production are originally very different’ ([45], p. 158) but the different rates ‘are
equalised by competition to a single general rate of profit’ ([45], p. 158). At which
point, ‘although in selling their commodities the capitalists of various spheres of
production recover the value of the capital consumed in their production, they do
not secure the surplus-value, and consequently the profit, created in their own sphere
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by the production of these commodities. What they secure is only as much surplus-
value, and hence profit, as falls, when uniformly distributed, to the share of every
aliquot part of the total social capital from the total social surplus-value, or profit,
produced in a given time by the social capital in all spheres of production’ ([45],
p.158). So although the rate of surplus-value is in fact uniform that rate at which
it is appropriated in the form of profit by individual capitals is non-uniform. In our
example the general rate of profit is

S1 + 89

(33) r= ,
1+ €+ v+ U2

and the ‘prices of production’ that effect the redistribution of surplus-value due to
the formation of a uniform rate of profit are

(34) p1=c+v +r(er + ),

and
Do = Co + Vg + 1(Co + v2).

‘Hence, the price of production of a commodity is equal to its cost-price plus the
profit, alloted to it in per cent, in accordance with the general rate of profit, or, in
other words, to its cost-price plus the average profit’ ([45], p.157).

Marx’s ‘prices of production’ differ from the original labour values. In general
p1 # 0, and py # 65. According to Marx, ‘one portion of the commodities is sold
above its value in the same proportion in which the other is sold below it. And
it is only the sale of the commodities at such price that enables the rate of profit
for capitals [to be uniform], regardless of their different organic composition’ ([45],
p.157). The equalisation of the rate of profit requires that prices diverge from values.
And it is easy to verify that Marx’s ‘prices of production’ equal labour values only
in the special case of equal organic compositions of capital.

According to Marx, however, the labour theory of value continues to hold in the
aggregate because prices are merely transformed values and profit is redistributed
surplus-value [32]. The amount of surplus-labour produced by workers is not affected
by its appropriation in the form of capitalist profits. So Marx postulated three
conservation rules or ‘laws’ concerning the aggregates in his transformation of values
to ‘prices of production’. Assume, without loss of generality, that the MELT is 1,
then Marx contends that ‘the sum of the profits in all spheres of production must
equal the sum of the surplus-values, and the sum of the prices of production of the
total social product equal the sum of its value’ ([45], p. 173). That is, (i) the ‘sum
of the prices of production of all commodities produced in society — the totality of
all branches of production — is equal to the sum of the values’ ([45], p.160), (ii) total
profit is equal to total surplus-value (Ch. 9 in [45] and the extensive quotations in
[51]), and (iii) the rate of profit is equal to the ratio of total surplus-value to total
capital ([56], p. 129-130), which is the conservation rule in equation (33) that Marx
employs to form the general rate of profit. Marx’s aggregate equalities do hold after
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his transformation; that is, conservation of the value of gross output:
pr+pe=(ci+vi+co+va)(1+71) =01+ 0y
and conservation of surplus-value:
r(c1 +v1) + 7(co + v9) = 51 + 5o

Although price and value diverge, due to law of uniform profits, aggregate price and
value magnitudes are identical, due to the law of value. The classical contradiction is
thereby resolved. Marx’s considered that his transformation procedure also explained
why the origin of profit in labour is obscured by capitalist competition. ‘Since in
the rate of profit the surplus-value is calculated in relation to the total capital and
the latter is taken as its standard measurement, the surplus-value itself appears
to originate from the total capital, uniformly derived from all its parts, so that
the organic difference between constant and variable capital is obliterated in the
conception of profit. Disguised as profit, surplus-value actually denies its origin,
loses its character, and becomes unrecognisable’ ([45], p.167). In Marx’s theory,
capitalist economic relations are a persistent cause of mistaken ideas about how the
economy functions.

So far so good. But Marx straightaway observes that, ‘we had originally assumed
that the cost-price of a commodity equalled the value of the commodities consumed
in its production. But for the buyer the price of production of a specific commodity is
its cost-price, and may thus pass as a cost-price into the prices of other commodities.
Since the price of production may differ from the value of a commodity, it follows
that the cost-price of a commodity containing the price of production of another
commodity may also stand above or below that portion of its total value derived from
the value of the means of production consumed by it. It is necessary to remember
this modified significance of the cost-price, and to bear in mind that there is always
the possibility of an error if the cost-price of a commodity in any particular sphere
is identified with the value of the means of production consumed by it. Our present
analysis does not necessitate a closer examination of this point’ ([45], p.165).

The ‘prices of production’ are calculated on the basis of untransformed cost-prices.
But the untransformed prices are market prices that enter the cost-price of commodi-
ties. In other words, Marx transformed the output prices but not the input prices.
Marx recognises, therefore, that his transformation procedure is, in some sense, in-
complete, although the precise nature of this incompleteness is open to interpretation
due to the unfinished nature of chapter 9. Lippi remarks that Marx knows ‘the mag-
nitudes on the basis of which surplus-value has been redistributed — that is, capital
advanced, measured in value — are not identical to the prices at which elements of
capital are bought on the market. He therefore admits that the prices previously
calculated must be adjusted’ [42]. Garegnani [27] points out that Marx did not have
the method of simultaneous equations available to him and therefore had no other
recourse but to adopt a two-step transformation procedure. Duménil complains that
‘to pretend the exposition of the transformation in Volume III is perfect does not
do service to the memory of a genius thinker’ [13]. The transformation procedure,
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like the whole of Volume III of Capital, is unfinished. Marx did not fully resolve the
classical contradiction between the law of value and the law of uniform profits. This
loophole in Marx’s theory of value was subsequently exploited by his critics.

7.2. The modern context of the transformation problem. Marx’s theory of
value was fated to attract a great deal of critical attention, not least due to the
radical political conclusions that follow. One of the more important early critics
was Bortkiewicz ([80], 1907) who employed simultaneous equations in an effort to
complete Marx’s transformation. Bortkiewicz assumed a state of self-replacing sim-
ple reproduction, thereby abstracting from the historical process of the formation
of the general rate of profit, and imposed the constraint that input prices equal
output prices. As Bortkiewicz noted, ‘Insofar as it is a question of demonstrating
Marx’s errors it is quite unobjectionable to work with limiting assumptions of this
kind, since what does not hold in the special case cannot claim general validity’ [80].
Bortkiewicz demonstrated, in a simple model of price-value divergence, that Marx’s
aggregate conservation rules cannot simultaneously hold. Bortkiewicz’s result turned
Marx’s incomplete transformation into a transformation ‘problem’ [72] thereby initi-
ating the modern period of the analysis of the classical contradiction, characterised
by the use of simultaneous equations to prove the impossibility of Marx’s transfor-
mation and by implication the logical untenability of his theory of value.

The transformation problem has generated a large literature, of increasing math-
ematical sophistication, both for and against Marx’s labour theory of value. The
most influential critical strand employs the Sraffa and Leontief input-output frame-
work (Bortkiewicz was a teacher of the young Leontief [67]). The literature on the
transformation problem is very sparse between 1958 and 1971 until Samuelson’s
Sraffa-inspired critique of Marx’s theory of value in the Journal of Economic Liter-
ature ([31], ch. 14). Subsequently, neo-Ricardian followers of Sraffa, in particular,
have repeatedly demonstrated the impossibility of Marx’s conservation laws once
input and output prices are simultaneously transformed (e.g., Pasinetti [56], Lippi
[42], Steedman [77], Abraham-Frois and Berrebi [1], Bidard [5], and many more). Al-
though as Trigg notes ‘it has been generally recognised that Marx’s transformation
procedure represented an important step in the development of value theory’ ([79],
p.94) the overall consensus is that Marx’s theory of value fails, in large part due to
the impossibility of reconciling the dual accounting systems of value and price.

Let’s examine the neo-Ricardian analysis of the transformation problem, following
Pasinetti ([56], appendix to Ch. 5) and Abraham-Frois and Berrebi ([1], Ch. 6).
The neo-Ricardian formulation of the transformation problem normally begins with
a definition of labour values appropriate for a n-sector Sraffian system.

Definition 7.1. The 1 x n vector v of labour values (or labour-costs) is given by

(35) v = vA+1
(36) = 1(I-A)"
(37) = IL.
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Recall that L = (I—A)~! is the Leontief inverse that represents the total direct and
indirect requirements for the production of unit commodities. Hence 1L represents
the vertically integrated labour coefficients, or quantities of labour ‘embodied’ in the
corresponding commodities [56]. Sraffa implicitly employs this method of calculating
labour values in PCMC via his ‘reduction to dated quantities of labour’ ([75], ch.
VI). Sraffa’s iterative reduction, in which costs of a commodity ‘resolve themselves’
into wages and profits, via vertical integration over the cost structure, is an informal
deduction of the matrix power-series representation of prices of production. Sraffa
provides a ‘reduction equation’ ([75], p.35) that in our context is simply the expansion
of price solution (3)

(38) p=1I+A(1+7)+A*1+7)*+...Jwl+7).
Each term in the expansion is one ‘year’ earlier in the production process. The
quantity of labour embodied in a commodity is then ‘the sum of a series of terms
when we trace back the successive stages of the production of the commodity’ ([75],
p.89). Sraffa explains that when the whole net product distributed as wages, that
is zero profits, ‘the relative values of commodities are in proportion to their labour
cost, that is to say to the quantity of labour which directly and indirectly has gone
to produce them. At no other wage-level do values follow a simple rule’ ([75], p.12).
Putting 7 = 0 into equation (38) yields

p = II+A+A%+. . . Jw

p = 1(I-A) w

x V.

Samuelson presents the same definition in his 1971 Sraffa-inspired critique of Marx’s
theory of value and explains that ‘the accuracy of this result can be verified by going
back in time to add up the dead labour needed at all the previous stages’ [67].

The next step is to construct definitions within the formalism that correspond, as
close as possible, to Marx’s theory of labour-value accounting.

Definition 7.2. The labour value of constant capital is
C, =vAq®.

Definition 7.3. The labour value of variable capital is
Vi =vw'lg'.
Definition 7.4. Surplus-value is
S;=v(I-A-w'lq".

Next define the corresponding price accounts, where prices p are defined by Sraffian
price equation (2) (or equivalently by equation (8)).

Definition 7.5. The price of constant capital is
C, =pAq’.
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Definition 7.6. The price of variable capital is
Vp = pwilq’.
Definition 7.7. Total profit is
S,=pI-A-w'lq".
Marx’s conservation thesis between values and prices can now be formulated.

Definition 7.8. Marx’s conservation thesisis: (i) conservation of total value in total
price,

(39) pw(Cr+Vi+8)=Cp+V,+S,,

(ii) conservation of total surplus-value in total profit,

(40) wS; =S,

and (iii) equality of the value rate of profit and the price rate of profit
S S

Ci+V N Cp + V;D’

where p is the MELT. Note that any two of the conservation rules implies the re-
maining rule.

(41)

The impossibility of Marx’s conservation thesis then follows.

Theorem 7.1 (The transformation problem). In general, Marx’s conservation rules
cannot be simultaneously satisfied. Either there is conservation of total value in total
price, or there is conservation of total surplus-value in total profit, but not both.

Proof. The first point to note is that values
v=vA +1

and prices

p=pPAT(1+7)
are two distinct systems of evaluation. To relate them we need a MELT, pu. The
MELT is implicitly defined by conservation rule u(C; +V, +S;) = C, +V, + S, or
conservation rule pS; = S,. Therefore, one conservation rule must be taken as true
by assumption. For simultaneous satisfaction of both rules the MELTs defined by
each rule must be consistent.

Assume p(C;+V;+ S)) = C, +V, + S,; that is, uvq™ = pq™. The conservation
rule 45; = S, can be written as pu(vq" — vATq") = pq’ — pATq’. Replacing pq®
by pvq®l gives uvAtqt = pATql. But pAt = (1/(1 + r)p. Therefore, the set of
cases for which Marx’s thesis holds is defined by the condition,

(42) voq' =vAT(14+7)q".
But in general there is no reason why this condition should hold; hence, the conclu-
sion follows. (Note also that if any one of Marx’s conservation claims is assumed to

hold, then unless condition (42) is satisfied, at least one of the remaining two claims
is false). O
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Rewrite equation (42) as
v(I-(1+7)A%)q" = 0
xq" = 0,

where x = v(I — (1 +7)A™). Then the consistency condition is the orthogonality
of vectors q and x. Hence, the compositions of gross output that just happen to
satisfy Marx’s thesis are q € A = {q|xq" = 0A q(I — [AT]") > 0}. Again, there is
no economic reason why q should be a member of set A. However, some subsets of
A in which Marx’s thesis does hold have an economic interpretation [56, 1].

(1) Zero profits, or the case of simple commodity production. If r = 0 equation
(2) is p = pA+1w; hence p = 1(I— A)~'w = vw, and prices are proportional
to labour values. Condition (42) reduces to the identity pq® = pq™.

(2) Uniform organic composition of capital. If 1 and W are such that v oc vA™
then the economy is operating with uniform organic composition of capital
(see [1], p. 158-159). In which case v.= vA™*(1 +r), prices are proportional
to labour values and condition (42) reduces to vq' = vq™,

(3) Production in ‘standard proportions’. If q = q[AT]"(1 + r), that is the
composition of total output is identical to the composition of the aggregate
of commodities, both means of production and wage goods, that must be
advanced to obtain that output [42, 67], then condition (42) reduces to the
identity vqT = vqT.

Marx knew there was no contradiction between the law of value and uniform profits if
the organic composition of capital is uniform or profits are zero; indeed, these are the
cases when no transformation is required. The special case of ‘standard proportions’
was not known to Marx and relates to Sraffa’s construction of a standard commodity
in PCMC.

Pasinetti observes that value accounting, represented by equation (35), and price
accounting, represented by equation (2), are ‘two completely different systems of
equations. It is hardly surprising, then, that they should have different solutions’ [56].
The informational gap between values and prices of production prompts Samuelson
to exclaim, ‘Contemplate two alternative and discordant systems. Write down one.
Now transform by taking an eraser and rubbing it out. Then fill in the other one!
Voila! You have completed your transformation algorithm’ [67]. Foley notes that the
correctness of mathematical arguments equivalent to theorem 7.1 is ‘unquestioned’.
In general, labour values and prices are unrelated, unless consistency condition (42)
is imposed.

Critics of Marx’s theory of value interpret theorem 7.1 to ‘show that there is
no rigorous quantitative connection between the labour time accounts arising from
embodied labour coefficients and the phenomenal world of money price accounts’
[20]. For example, Steedman’s highly influential critique of Marx’s value theory,
Marz After Sraffa [77], rejects Marx’s value theory on two major grounds. First,
Marx’s value theory is internally inconsistent because Marx ‘assumes that S/(C+V)
is the rate of profit but then derives the result that prices diverge from values,
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which means precisely, in general, that S/(C + V) is not the rate of profit’ ([77],
p.31). Steedman concludes that this criticism ‘is quite independent of the question
whether or not input prices should be transformed. Even more important to notice
is the fact that adherents to Marx’s ‘solution’ never attempt a direct reply to the
above criticism. The reason for this is simple: the criticism is sound and cannot
be answered’. Second, Marx’s value theory is redundant because ‘profits and prices
cannot be derived from the ordinary value schema, that S/(C + V) is not the rate of
profit and that total profit is not equal to surplus value’ ([77], p.48). Steedman re-
iterates Samuelson’s eraser critique: given a technique and a real wage (the ‘physical
schema’) one can determine (a) profits and prices and (b) labour-values. But due
to the non-satisfaction of condition (42) there is in general ‘no way’ of relating (a)
and (b). Contra Marx, labour-value accounting cannot account for the phenomenal
world of money price accounts. Steedman issues a challenge: ‘This conclusion, it
should perhaps be emphasized, is the conclusion of an argument of logic; should
anyone wish to challenge it, they must do so by either by finding a logical flaw in the
argument or by rejecting explicitly and coherently one or more of the assumptions on
which it is based’ ([77],p.49). Steedman warns that this ‘type of argument has been
examined, in various forms, by many different writers over the last 80 years. The
same conclusions have always been reached and no logical flaw has ever been found
in such arguments’ [77]. In consequence, ‘there is no problem of transforming values
into prices, etc., to be solved. The “transformation problem” is a “non-problem”, a
spurious problem which can only be thought to arise and to have significance when
one is under the misapprehension that the rate of profit must be determined in terms
of labour quantities. Once it is seen that there is no such necessity, the “problem”
simply evaporates’ ([77], p.53).

In sum, the neo-Ricardian critique concludes that labour value accounting fails as
an account of exploitation and as an account of the formation of the general rate of
profit. The computation of labour values is a complicating detour, best put aside
for ‘it can scarcely be over-emphasised that the project of providing a materialist
account of capitalist societies is dependent on Marx’s value magnitude analysis only
in the negative sense that continued adherence to the latter is a major fetter on
the development of the former’ ([77], p. 207). The century long history of the
transformation problem is a continual reiteration that Marx’s transformation from
values to prices is ‘impossible’ [5]. The modern verdict is that Marx’s conservation
law is false and his theory of value logically flawed.

7.3. Responses to the transformation problem. The transformation problem
is a logico-mathematical critique of Marx’s value theory. The advantage of a formal
argument is that the deductive steps normally cannot be contested. Steedman warns
that only a restricted set of counter-arguments are possible: either reject an assump-
tion or find a deductive flaw. Yet the possibility of discovering a deductive flaw
is unlikely given the number of researchers who have actively studied it. Another
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response is to accept the argument but provide a different interpretation of its signif-
icance for Marx’s theoretical project. Let’s briefly examine some notable responses
to the transformation problem. The examination is indicative not exhaustive.

To my knowledge Sraffa did not present a definitive judgement on the status of the
labour theory of value in his published writings, unlike the majority of his interpreters
who explicitly reject it. The following extracts from Sraffa’s unpublished papers,
quoted by Bellofiore [2], are very interesting in this context. Sraffa writes:

The propositions of M.[arx| are based on the assumption that the

comp.[osition] of any large aggr.[egate] of commodities (wages, prof-

its, const[ant| cap.[ital]) consists of a random selection, so that the

ratio between their aggr.[egate| (rate of s.[urplus]v.[alue], rate of

p.[rofits]) is approx.[imately] the same whether measured at 'values’

or at the p.[rices] of prod.|[uction] corresp.[onding] to any rate of

s.[urplus]v.[alue].

Quoted in [2], (SP D3/12/111: 140; original in English)
Sraffa adopts a typically Ricardian view of the relation between labour-value and
price: it is approximate. The divergences between labour-value and price accounting
due to the non-uniformity of the organic compositions of capital ‘washes out’ in the
aggregrate. But Sraffa is aware that this response is open to objection.

This is obviously true, and one would leave it at that, if it were not for
the tiresome objector, who relies on hypothetical deviations: suppose,
he says, that the capitalists changed the comp.|osition]| of their con-
sumption (of the same aggr.|egate| price) to commod|itie|s of a higher
org.[anic| comp.|osition], the rate of s[urplus].v.[alue] would decrease if
calc.[ulated] at ’values’, while it would remain unchanged at p.|rices]
of prod.[uction] which is correct? - and many similar puzzles can be
invented.

(Better: the caplitalist]s switched part of their consumption from
comm|oditie]s of lower to higher org.|[anic] comp.[osition], while the
workers switched to the same extent theirs from higher to lower, the
aggr.[egate] price of each remaining unchanged...)

It is clear that M[arx]’s pro[position|s are not intended to deal with
such deviations. They are based on the assumption (justified in gen-
eral) that the aggregates are of some average composition. This is in
general justified in fact, and since it is not intended to be applied to
detailed minute differences it is all right.

This should be good enough till the tiresome objector arises. If then
one must define which is the average to which the comp.[osite] should
conform for the result to be exact and not only approximate, it is the
St.[andard] Comm.|odity]...

But what does this average ‘approximate’ to? i.e. what would it
have to be composed of (what weights sh[oul]d the average have) to
be exactly the St.[andard] Com.[modity|?
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i.e. Marx assumes that wages and profits consist approrimately of
quantities of [the| st.[andard] com.[modity].

Quoted in [2], (SP D3/12/111: 140; original in English)

Sraffa’s standard commodity, which has been mentioned in passing, is a compos-
ite commodity that has the property that its price is invariant to changes in the
distribution of income. A composite commodity that has this property may then
serve as an invariable measure of value over all possible nominal wage-profit trade-
offs for a given technique and direct labour coefficients. The standard commodity
fulfils the role of a real-cost measure in this specific context, in contrast to Marx’s
labour values that, due to the existence of the transformation problem, cannot per-
form this function. Sraffa seems to suggest that Marx’s value-theory propositions
are approximately justified once reformulated in terms of units of the standard com-
modity, rather than units of labour-time. The problem, of course, is that Marx’s
conservation claims are exact, not approximate, and are emphatically formulated in
units of socially necessary labour-time, not quantities of a composite commodity.
This is because, for Marx, price is a necessary form of appearance of labour-time
and hence, under certain abstract conditions, there is quantitative identity between
labour-time and money values. Also, Marx’s labour-values are intended to serve as
measures of real-cost over changes in income distribution and technical change, yet
it is well-known that the standard commodity is not an invariable measure of value
under conditions of technical change. Sinha [71] surveys some of the neo-Ricardian
attempts to transpose Marx’s concept of exploitation into the Sraffian framework
and concludes that the standard commodity cannot solve Marx’s transformation
problem.

Morishima (1973) [49] accepts the neo-Ricardian critique but proposes that the
rate of profit is positive if and only if the rate of surplus-value is positive. Morishima
labels this relatively trivial result the ‘Fundamental Marxian Theorem’ [50]. Ex-
ploitation is necessary for profit although strict conservation of labour-time in price
does not obtain. Morshima, concludes, however, that the labour theory of value must
be abandoned. This rejectionist position is taken by many authors, including Lippi
(1979) [42], Steedman (1981) [77] and Roemer (1982) [63], all of whom contend that
many of Marx’s economics insights remain even if his erroneous value theory is re-
jected. But all three volumes of Capital emphasise that the phenomenal value-forms
of capitalist society — price, profit, rent etc. — are nominal representations of labour-
time. Marx without a labour theory of value is like a clock without a spring. This
type of response to the transformation problem ultimately rejects Marx’s economic
theory.

Shaikh (1977) [68] iteratively extends Marx’s two-step transformation procedure
while keeping the sum of prices constant. The algorithm has the property that Marx’s
labour values converge to prices of production. However, the price rate of profit does
not equal the value rate of profit and the total profit does not equal the total surplus-
value. Also, any initial price vector converges to prices of production [31], so the
significance of starting the iteration with prices proportional to labour-values begs
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the question. Shaikh [69] contends that although there has to be ‘relative autonomy’
between price and labour-value accounting, nonetheless the accounting systems are
approximately close with empirical differences that are typically small, a position
close to Ricardo’s suggestion that labour-value is a reasonable approximation to
price.

Foley (1982) [18] and Duménil (1983) [13] define the MELT as the ratio of the price
of the net product to the amount of living labour expended; that is, = pn™/lq".
According to Foley the ‘labour theory of value can be stated simply as the principle
that the source of the value added to the mass of commodities produced is the labor
expended in producing them’ ([19], p.14). The MELT, so defined, directly links the
expenditure of living labour to the money value added to the inputs to production.
In addition, Foley and Duménil define the value of labour-power as the ratio of the
money wage, w, to the MELT, u, which differs from Marx’s definition of the value
of labour-power as the value of the real wage. Hence, labour-values are dependent
on price, which seems contrary to Marx’s aims. Foley argues that an advantage of
these definitions is that conservation of total surplus-value in total profit is upheld.
Yet the conservation of constant capital and the equality of the value and price rate
of profit is not. Hence, Foley and Duménil’s interpretation of the labour theory of
value implicitly rejects Marx’s conservation claims.

Both Shaikh’s iterative and Foley and Duménil’s definitional solutions are exam-
ples of a widespread type of response to the neo-Ricardian critique. A particular
set of invariance conditions and definitions are constructed that link the dual ac-
counting systems. Yet Marx’s conservation thesis does not hold in general whatever
invariance condition is chosen. So this type of response is always accompanied by
an explanation of why some of Marx’s conservation claims must fail. For example,
Shaikh explains the mismatch between surplus-value and profit in terms of transfers
out of the ‘circuit of capital’ into the ‘circuit of revenue’ [69]. Foley suggests that the
mismatch between the value and price rate of profit is due to ‘the difference between
the labor embodied in the means of production and the labor-time equivalent of the
money spent on the means of production using the monetary expression of labor’
[20]. But whatever the merits of these explanations the fact remains that labour-
value accounting cannot provide a complete quantitative account of price phenomena
so the ‘logical priority of values over prices has evaporated’ [31].

The ‘Temporal Single System’ (TSS) approach to the transformation problem
explictly rejects Bortkiewicz’s condition that input prices equal output prices in a
system of simultaneous determination (e.g., [22] and the collections [43, 24, 25]) on
the grounds that Marx’s theory is irreducibly dynamic and concerned with causal
change. It is completely unrealistic to assume that an economy reproduces in exactly
the same state, period after period, and Marx did not make such an assumption.
Any model based on this false assumption will necessarily lead to error [23]. As
Marx is not an equilibrium economic thinker his value theory must be formulated
in a dynamic and non-equilibrium framework. TSS authors therefore construct se-
quential models of the transformation in which the process of production necessarily
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upsets price equilibrium. A great strength of the TSS approach is its rediscovery
of the dynamic character of Marx’s value theory. But the rejection of equilibrium
models throws the baby out with the bathwater. Also, the neo-Ricardian critique
is not answered, it is avoided, by rejecting the conditions of the problem. But the
reasons for rejecting the conditions are, in my view, not convincing. For example,
Bortkiewicz’s stipulation that inputs prices equal output prices does have textual
support in Marx’s work and, prima facie, defines simple or ‘laboratory’ conditions
under which one would expect Marx’s value theory to hold.

Farjoun and Machover (1989) [17], in their original and groundbreaking work,
Laws of Chaos [17], develop a probabilistic approach to political economy. They ac-
cept the mathematical correctness of the neo-Ricardian critique but explicitly reject
the assumption of a uniform rate of profit. They argue that an essential property
of capitalist competition is that it continually disturbs the formation of a uniform
rate of profit, for ‘under any reasonable theorization of the concept of competition,
forces that tend to scramble rates of profit away from equality are at least as real
and powerful as those that pull towards uniformity’ [17]. The capitalist economy
is a very large system with a huge number of degrees of freedom; hence, the tech-
niques of statistical, rather than classical, mechanics are required to understand the
relationship between labour-value and price. On this basis, Farjoun and Machover
develop a non-deterministic theory of the relationship between labour-value and mar-
ket prices, in which the MELT is a random variable. They conclude that market
prices are closely correlated with labour-values. So Marx’s Volume I assumption of
price-value proportionality is correct in a probabilistic sense. Farjoun and Machover
reject the theoretical aim of linking labour-value to ‘ideal’ prices of production on
the grounds that such prices never exist. Clearly this is a complete break with the
traditional paradigm of the transformation problem. The advantage of statistical
mechanical approaches to political economy, compared to static linear algebra mod-
els, are overwhelming, particularly the concept of a statistical equilibrium (e.g., see
[83]). However, Farjoun and Machover do not explain why we should expect Marx’s
conservation thesis to fail in the special case of uniform returns to capital invested,
even if such a case is ideal or theoretical.

The common property of all these responses to the transformation problem is that
they concede that the neo-Ricardian critique is essentially correct on its own terms.
The authors differ on the relevance of the critique for Marx’s theoretical project.

The neo-Ricardian critique of Marx’s theory of value takes direct inspiration from
Sraffa’s system. Yet Sraffa’s representation of simple reproduction obscures the
value-theoretic principle of real-cost. When this principle is applied the transforma-
tion problem is solved. The unique property of this solution, compared to previous
responses, is the rejection of the neo-Ricardian critique on its own terms. I demon-
strate that Marx’s conservation thesis is in fact a theorem in Sraffa’s system. At root
the transformation problem is a real-cost accounting error due to the omission of the
labour-value of money-capital.
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8. SOLUTION OF THE TRANSFORMATION PROBLEM

In section 5.1 two interpretations of real-cost in the circular flow in a state of
self-replacing equilibrium were given: the vertical integration interpretation and the
market exchange interpretation. Real-cost has another interpretation, which is natu-
ral in cases of single production, but less so in joint production. The real-cost of 7 in
terms of j represents the amount of j ‘embodied’ in a unit of ¢. In this interpretation
we imagine that a unit output of commodity-type j undergoes a series of productive
transformations; for example, it gets combined with other commodities to produce
outputs k£ and [. But although ;7 has been used-up to produce commodity-types k
and [, and undergone a change in material form, it nonetheless is ‘embodied’ in k£ and
l. Ricardo and Marx (at least in translation) often use the term ‘labour-embodied’ to
denote their labour-cost theories of value. The labour value vector, v, is interpreted
as a formalisation of the classical concept of labour-embodied (e.g., [56]). Marx’s
labour values, in the case of self-replacing equilibrium, are real-costs measured in
units of labour. So we can apply lemma 5.4, which defines real-costs measured in
terms of any commodity, labour or otherwise, to derive an expression for labour
values in the circular flow.

The important point to immediately note is that Sraffa’s definition of labour values
v (equation (35)) differs from the labour values v derived from the principle of real-
cost (equation (43) below). The following lemma derives the expression for real-cost
labour values v. I will then explain the reason for the discrepancy v # v.

Lemma 8.1. Labour values in the circular fow are

(43) v=1I1-A)",

where A is the technique augmented by capitalist consumption,
(44) A=A+c"m

(Recall that 1is the 1 x n vector of direct labour coefficients, A is the n xn technique,
c is the 1 x n vector of capitalist consumption coefficients, and m is the 1 x n vector
of unit costs.)

Proof. Labour values are the vector of real-costs, k1, measured in terms of labour-
cost. Two labour costs are of especial interest: the labour-cost of labour, k41 n41 =1
by definition 5.6, and the labour-cost of money-capital, k,42,+1 = w, measured in
units of labour per currency unit supplied. By lemma, 5.4,

(45kn11[n + 1] =mﬂm+u{A CT]+[10]
m 0
(46) = [ kppin+1L,n+2JA+wm k,[n+1n+2ct [+[1 0].
From (46) we get two equations,
(47) v =VA+wm+1
(48) w =vc',
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where v = k,1[n+1,n+2] is a vector of labour values excluding the value of labour
and money-capital.

Equation (47), in contrast to the Sraffian equation (35) for labour values, has
an extra term, wm, which counts the labour-cost of the money-capital supplied to
production. The labour value of money-capital, w, defined by equation (48), is the
amount of labour used-up per unit of money-capital supplied, which is equal to the
labour value of capitalist consumption, v&?.

Substitute (48) into (47) to get

v=v(A+¢'m)+1L
Let A = A + ¢"m and rearrange to yield
v=1I-A)"
as required. O

The following corollary derives the Sraffian definition of labour value from the
principle of real-cost. The important result is that Sraffian values measure labour-
cost only in the special case of a circular flow without a capitalist class, that is simple
commodity production.

Corollary 8.2. Sraffian labour values are the labour values of commodities produced
under conditions of simple commodity production,

(49) v=1I-A)"
Proof. A capitalist class is absent in simple commodity production, that is r = 0
and m = ¢ = 0. Hence, by lemma 8.1, A = A and the conclusion follows. O

The discrepancy v # v is now easy to understand. Sraffian labour values do not
count the labour-time worked for the production of capitalist consumption.

In general, v > v because v counts the labour embodied in money-capital, or,
equivalently, the labour used-up per unit of money-capital supplied. This labour-
time is not apparent in Sraffa’s system because money-capital is not viewed as a
commodity with an associated real-cost but instead is viewed merely as a nomi-
nal parameter that controls distribution. But just as the value of labour-power is
the value of the real wage the value of money-capital is the value of capitalist con-
sumption. In classical terminology the money-capital supplied to production is an
‘embodiment’ of labour that gets ‘transferred’ to the product, just like any other
means of production. More plainly, labour-time is expended to produce the goods
that capitalists consume simultaneously with the advancement of money-capital.
This labour is missing in Sraffian labour value accounting.

The results that link labour-value in the circular flow to labour-value in the Sraffian
system have already been obtained. A special case of the principle of real-cost in the
circular flow is the proportionality of prices to labour costs.

Corollary 8.3 (Circular flow prices are proportional to labour cost).

p°[n+ 1] = v°w®,
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Ckn—i-l,n—i—l = 1)

FIGURE 11. The transformation problem: a real-cost account-
ing error due to the omission of the labour value of money-
capital. The labour cost of commodity 7 is the weighted sum of the
unit labour cost of all its inputs, in this case the value of labour-power,
l;, the value of a commodity, v,, and the value of money-capital sup-
plied to production, w. Neo-Ricardian labour cost accounting omits an
input, the value of the money-capital (shown in grey). Hence labour
costs are not conserved, except in special cases, such as zero profits
(r = 0 implies w = 0). The non-conservation of labour cost manifests
as the transformation problem.

where p°[n+ 1] is a n+ 1 x n + 1 row vector of all prices excluding labour, v° =
k,i1[n+1]is an+1 xn+1row vector of labour values, and w® = p; ., is the price
of labour.

Proof. Labour is the n+ 1th commodity in the circular flow so the conclusion follows
by theorem 5.8. O

The general result of prices of production proportional to real-costs implies the
particular result of prices of production proportional to labour values; that is, Sraffian
prices p are proportional to real-cost labour values v. (Only in the special case of
zero profits are the Sraffian labour values v proportional to Sraffian prices.)

Proposition 8.1 (Prices of production are proportional to labour values).
p = vw.

Proof. p°[n + 1] = v°w, by corollary 8.3. But p°[n + 1] = [p,r] by theorem 6.1;
hence [p,r] = v°w. Ignoring the price of capital, p = Vw, where v = v°[n + 1] =
(knt1[n +1]))[n+ 1] = kppa[n + 1, n + 2]. O
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The belief that prices of production diverge from labour-values has been a canard
of political economy since the time of Smith. Marx constructed his transformation
based on this assumption. Bortkiewicz retained it, and Sraffians and Marxists have
promulgated it. But in a state of self-replacing equilibrium the assumption is false.

Sraffian labour values are conservative in the case of simple commodity produc-
tion, because money-capital is absent, and non-conservative in the case of capitalist
production, because money-capital is present. One would think, therefore, that this
accounting error would have been quickly noticed. But of course it has — in a highly
inverted manner. The failure to account for the labour-time embodied in money-
capital manifests, in the modern context, as the transformation problem, which is
precisely a non-conservation result. An erroneous specification of labour-cost is the
cause of the transformation problem. The correct specification of real-cost, of which
labour-cost is a special case, is conservative in price (corollary 6.3 and proposition
8.1). This is a consequence of the value-theoretic principle of real-cost, which is
hidden in Sraffa’s ‘surplus’ representation that interrupts the circular flow. The
proportionality of prices of production to real-costs is therefore missed. The key
technical reason is that correct real-cost accounting in the circular flow requires the
j-inverse (see definition 5.8) not the Leontief inverse. The vertical integration repre-
sented by the Sraffian equation for labour values, v = 1(I — A)~!, fails to integrate
the labour cost of capitalist consumption. Figure 11 depicts the accounting error
and appendix D contains a simple numerical example that demonstrates the error.

In consequence, a real-cost accounting error is at the basis of all the value-theoretic
conclusions of the neo-Ricardian school, including the proof of the impossibility of
Marx’s conservation thesis. Once correct real-cost accounting is adopted then the so-
lution of the transformation problem follows, and the apparent contradiction between
the law of value and the law of equal returns to capital invested is resolved. Prices
of production are proportional to labour values, there is no price-value divergence,
and hence all Marx’s aggregate equalities hold.

Theorem 8.4 (Marx’s conservation theorem). (i) Total value is conserved in
total price,

(50) w(Cr+Vi+8)=Cp+V,+5,,

(ii) total surplus-value is conserved in total profit,

(51) pSr = Sp

and (iii) the value rate of profit equals the price rate of profit
S Sp

TO+V GV,

where r, is the value rate of profit and p = w (the wage rate) is the MELT.

T,

(52) o

Proof. Conservation rule (i):
u(Cl—H/Z—i-Sl) = Cp-i—V},,—i-Sp

pvq' = pq’
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By proposition 8.1, p = vw; therefore,
/u?qT = wvq .
Therefore, conservation rule (i) holds with u = w.
Similarly, conservation rule (ii):

,uSl = Sp
pv(I—A-w'l)q" = pI—A—-w'l)q"
pv(I—A—-w')qt = wv(I-A-wl)q".

Therefore, conservation rule (ii) holds with y = w.
Finally, conservation rule (iii):

S, VI—A—-w"q"
C+V vAqT + vwTlqT
pI-A—w'l)q"
PAq* +pw'lg"
[p - p(A+w')]q"
p(A +wTl)q"

Therefore, by equation (11),

And by equation (10),
Sy, m(1+r)—mlqt .
Cp+Vp B mq"” o

where 7 is the rate of profit or price of money-capital. O

It is a remarkable and deep irony that the modern formulation of the transfor-
mation problem employs a definition of labour values that only holds in simple
commodity production, that is production absent capitalist exploitation. The literal
failure to cost the time worked for the production of capitalist consumption manifests
as the transformation problem. The special cases in which Marx’s conservation the-
sis was thought to hold — zero profits, uniform organic composition of capitals, and
production in ‘standard proportions’ — are in fact the special cases in which Sraffian
non-conservative labour-cost accounting just so happens to have a proportionate
relationship to conservative labour-cost accounting. The neo-Ricardian critics of
Marx’s theory of value have identified the conditions for which their own real-cost
accounting error is accidentally consistent with the general principle of conservation
of real-cost in price.

Two issues must be immediately addressed before discussing this theoretical inver-
sion: the apparent link between labour-values and prices, and the real link between
labour-values and income distribution.
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8.1. The rate of surplus-value as a distributional variable. Labour-values v
are a function of unit cost prices m,
(53) V=VA+wm+L

Equation (53) arises naturally from the independent variables specified by a Sraffian
system. But the Sraffian system is by no means the only possible specification of the
independent variables of a circular flow. Equation (53) is useful for understanding
how the labour-cost of money-capital is essential for correct labour-cost accounting.
But it does not entail that labour-values are derivative of price magnitudes. Real-
cost and price are closely related and mutually consistent in a state of self-replacing
equilibrium. But they are dual accounting systems.

Lemma 8.5. Labour-values are independent of price magnitudes and given by
(54) v = (VA+D)(1+r,)
(55) = [IT—-A(1+7r)]"1(1+7,),

where 7, is the value rate of profit, determined by the technique and real-wage, which
satisfies Marx’s aggregrate labour-value accounting,

. Sl _ 6‘/2
S C+Vi G+

where e = 5;/V] is the rate of surplus-value (or rate of exploitation).

Ty

Proof. This follows directly from proposition 8.1 applied to the Sraffian price equa-
tion. Alternatively, m = pA + lw = (VA + 1)w by proposition 8.1. Substitute into
(53) to yield

v=(FVA+1)(1+ww).
By corollary 5.8, r = ww. And by Marx’s conservation theorem, r = r,. Hence the
conclusion follows. dJ

This equivalent definition of labour-value, v = (VA +1)(1 + r,), is dependent on
the value rate of profit but independent of price. The value rate of profit, r,, is price
independent because it may be calculated from the technique and real-wage via the
eigenvalue equation v = vA™(1 + r,). The value rate of profit plays a symmetrical
role in labour-cost accounting to that of the price rate of profit in price accounting.
Hence, once the labour-cost distributional variable r, is fixed then labour-values can
be calculated. Alternatively, if the real-wage is fixed then the value rate of profit
may be derived. Price accounting need play no role. Indeed, prices may be directly
derived from labour-cost accounting by scaling each commodity value by the nominal
wage rate.

In Marx’s theory the rate of profit must be derived from the rate of surplus-value
because the cause of profit is the extraction of surplus-labour during production
organised under the social relations of the capitalist firm. Exploitation is the ez ante
extraction of labour-time from workers in the ‘hidden abode of production’ [44],
rather than a conflict over the ez post distribution of a net product in the sphere of
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circulation. ‘The transformation of surplus-value into profit must be deduced from
the transformation of the rate of surplus-value into the rate of profit, not vice versa.
And in fact it was the rate of profit which was the historical point of departure.
Surplus-value and rate of surplus-value are, relatively, the invisible and unknown
essence that wants investigating, while rate of profit and therefore the appearance
of surplus-value in the form of profit are revealed on the surface of the phenomenon’
([45], p.43). For Marx the rate of profit primarily depends on how much surplus-
labour capital succeeds in extracting from the workforce. Competition only effects
the equalisation of profits between individual capitals at this predetermined level.
This view is importantly different from the neo-Ricardian problem of the distribution
of a net product ‘after the harvest’. Ricardo studied the economic consequences of
different distributions of the net income; Marx critiqued the social consequences of
the production of the net income under conditions of capitalist exploitation.

In consequence of lemma 8.5 labour-cost accounting can fully and consistently
perform the theoretical role that Marx intended for it. Marx’s claim that ‘the rate
of profit, therefore, depends on two main factors — the rate of surplus-value and the
value-composition of capital’ ([45],p.69) is confirmed. Of course, in a state of self-
replacing equilibrium, represented by sets of simultaneous equations, nothing much
can be said about causality. Under conditions of dynamic change, labour and price
accounting have important causal dependencies. But the Marxist starting point,
which emphasises the rate of exploitation as a key distributional variable, is not only
logically consistent but is a more accurate depiction of the locus of profit formation.
The independence of labour-value from price was initially hidden only because we
began with a critique of the Sraffian system.

8.2. Labour-value and income distribution. Sraffian labour-value accounting is
independent of income distribution: whatever the rate of profit, r, all other things
being equal, labour-values are unchanged. In contrast, labour-values derived from
the principle of real-cost are dependent on income distribution.

Direct labour-costs, 1, are purely technical facts that represent the direct ‘toil and
trouble’ of producing particular commodities. Labour values, v, however, do depend
on the distribution of the net product, because they measure the total ‘toil and trou-
ble’ of producing commodities. Under conditions of capitalist income distribution
it is not possible to produce 1 unit of corn, iron etc. without also simultaneously
producing a part of the capitalist consumption bundle. This real-cost of money-
capital is a socially necessary cost; it must be met for money-capital to be supplied.
Labour-costs must measure this additional ‘difficulty’ of production and are therefore
necessarily dependent on income distribution.

Consider a Sraffian system W,_,, in which profits are zero (simple commodity
production), and a system W,~,, in which profits are non-zero (simple reproduction).
Assume that both systems are identical in all respects except the same net product
is n = w when profits are zero, and n = w 4 ¢ when profits are non-zero. For
simplicity, assume further that the composition of worker and capitalist consumption
is identical, that is ¢ = aw. Now, v = v in ¥, (corollary 8.2); whereas in general

65



v > v in V,y,. Labour values are higher in W,y because more total labour-time
is needed to produce unit commodities due to the requirement to simultaneously
produce the goods that capitalists consume. Labour values are lower in ¥,_, because
less total labour-time is needed to produce unit commodities because there is no need
to simultaneously produce the goods that capitalists consume. We can think of the
transition from simple commodity production to simple reproduction as the addition
of a new basic commodity, money-capital, to the technique, which represents a new
kind of property claim. Indirectly, the advance or ‘production’ of money-capital
requires labour as an input. Hence, the ‘difficulty’ of production of all commodities,
when measured in terms of labour-time, rises.

In contrast, Sraffian vertical integration over the cost structure omits the real-cost
of money-capital. Hence Sraffian labour-values are identical in simple commodity
production, ¥,_q, and simple reproduction, ¥,~o. The specific character of capitalist
production, in which money-capital is an essential input to the productive process,
is ignored.

8.3. The theoretical inversion. Both Ricardo and Marx thought that prices di-
verge from labour values due to profit-equalizing rates of return. This premiss of the
transformation problem has been universally accepted. But in the modern context of
self-replacing equilibrium and simultaneous determination the premiss is mistaken.
To assume divergence and attempt to solve the transformation problem is already
an error; hence, over one hundred years of negative results, and the disappearance of
the importance of real-cost in economics. Marxist political economy has maintained
the divergence and the aggregate conservation, whereas neo-Ricardian political econ-
omy has maintained the divergence and denied the aggregate conservation. Yet on
this point both sides of the argument are wrong: there is no divergence and there is
aggregate conservation.

Marx does not distinguish between equilibrium and non-equilibrium states to the
level of precision obtained by linear production theory. Furthermore, Marx’s anal-
ysis is irreducibly dynamic. So it is not possible to capture the full generality and
meaning of Marx’s theory of value in a linear production framework. For example,
in an uninterrupted circular flow no additional surplus-value is created so Marx’s
concept of wariable capital, which is precisely that portion of capital that during
production does not regularly conserve and transfer labour-cost, necessarily plays
a vestigial rather than central role. A further example of the incongruity between
Marx’s theory and linear production theory is our finding that, in the special case of
self-replacing equilibrium, Marx’s Vol. I assumption of price-value proportionality
extends to the profit-equalising prices of production examined in Vol. III, contrary to
what Marx would have expected. Proportionality between prices of production and
labour value contradicts the basic tenet of Marx’s transformation procedure, that
prices of production diverge from labour values. But the Bortkiewiczian ‘simultane-
ous’ interpretation of Marx’s transformation procedure, although dominant, is one
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plausible interpretation amongst many. Hence, the extent to which Marx’s supposi-
tion of price-value divergence retains a role in a dynamic context under conditions
of technical change is, to this author, an open question.

Marx improved upon Ricardo’s early numerical examples of the classical contra-
diction, which he justifiably called ‘clumsy’ [46]. Nonetheless the reasons Marx gives
for the existence of price-value divergence are not always convincing, which is to be
expected given the results we have obtained. For example, in Ch. 9 of Vol. III, on
the transformation, Marx proceeds as by proof by contradiction, but the logic is not
quite correct (cf. section 7.1). He initially assumes (i) uniform rates of surplus-value
in the different sectors and (ii) that commodities exchange according to value. He
then notes that the value rate of profit can only be uniform if sectors have a uniform
organic composition of capital. But in general this cannot be. So Marx deduces that
both his initial assumptions do not hold: (i) commodities do not exchange according
to their values (price-value divergence) and (ii) the rates of surplus-value in each
sector differ. But Marx does not show that both his initial assumptions generate
the contradiction, which would be required to reject them. He does not consider the
possibility that only one of his initial assumptions — uniform rates of surplus-value —
need be relaxed. It should be stressed that the existence in Marx’s theory of price-
value divergence due to profit-equalisation is not based on empirical evidence of any
kind, but derives solely from the existence of a logical contradiction in the Ricardian
theory of value.

Correct labour-cost accounting under conditions of simultaneous determination
partially manifests in the neo-Ricardian literature as the reduction to dated quan-
tities of labour. But reduction equation (38) (and various analogues) is incomplete
because it leaves the price, r, of money-capital unreduced. The rate of profit is the
price of money-capital and money-capital is a means of production with an associ-
ated labour-cost. Sraffa’s Production of Commodities by Means of Commodities ex-
cludes the special commodity that uniquely differentiates capitalist production from
simple commodity production, that is Marx’s Capital, and hence fails to properly
formulate real-cost accounting, resulting in a definition of labour value appropriate
only for production absent a capitalist class. This omission pervades all subsequent
neo-Ricardian discussions of value theory. In consequence, the inconsistency and
redundancy critiques of Marx’s theory of value are easily refuted.

The inconsistency critique fails because the value rate of profit is identical to the
price rate of profit. Marx’s claim that S/(C + V) is the rate of profit is correct. And
labour-values magnitudes can be determined without reference to prices.

The redundancy critique fails because profits and prices can be derived from labour-
value accounting. Prices can be directly derived from labour-cost accounting by
scaling each commodity value by the the nominal wage rate. Labour-value accounting
is not a ‘complicating detour’ but essential for understanding how surplus-labour
extracted at the point of production is the source of profit in capitalist economy
(which, as Shaikh notes, is immediately apparent once production ceases via strikes).
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I conclude that the standard neo-Ricardian critique of Marx’s theory of value is
refuted. Sraffa’s prices of production are proportional to labour-values. The dual
accounting systems are mutually consistent, two sides of the same coin. The neo-
Ricardian school of political economy therefore has two choices: either accept the
consistency and non-redundancy of Marx’s theory of value within their own modelling
framework, or reject the principle of real cost and with it the possibility of completing
the classical approach to the theory of economic value.

Lavosier, in the 18th century, overthrew the theory of phlogiston by carefully
weighing the input mass and output mass of chemical reactions. He discovered,
making use of the balance, that mass is a property of a substance that is never oblit-
erated. Phlogisticians, in contrast, required auxiliary hypotheses to explain mass
transfers during combustion. Lavosier’s principle of the conservation of matter laid
the foundations of modern quantitative chemistry. Conservation principles have al-
ways been fundamental to scientific understanding [47]. The transformation problem
can be viewed as the symptom of a failed conservation principle in the domain of
economic theory. This has led to the rejection of objective ‘substance’ theories of
value and the concomitant loss of real-cost conservation principles [48]. But the
problem is not the idea of a ‘substance’ theory of economic value. The real problem
is the accounting, or balancing, of ‘substance’ flows. The modern history of the
transformation problem is in fact the history of an accounting error. Labour value
is conserved in price, under conditions of simultaneous determination and a realised
uniform rate of profit, once real-costs are properly accounted for.

9. IMPLICATIONS FOR THE THEORY OF ECONOMIC VALUE

The principle of real-cost now needs to be applied to linear production models that
include fixed-capital and joint production. Many properties of the single-production
Sraffian system do not transfer to joint production [5] and some neo-Ricardian criti-
cisms of Marx’s theory of value are specific to joint production [77, 78]. An important
question is to what extent the negative results depend on the transfer of an inter-
rupted circular flow and undistributed surplus from single-production systems to
joint-production systems. The failure to theorise the principle of real-cost in the
simpler case of single-production implies that existing joint-production analyses are
inadequate.

A full mathematical formulation of Marx’s theory of value requires dynamics. A
dynamic theory must include changes in absolute and relative surplus-value and
trace the causal consequences for capital accumulation. In stark constrast, a state
of self-replacing equilibrium exhibits a great deal of symmetry precisely because
it represents only mutual and simultaneous consistency rather than causal change.
Prices of production are proportional to real-cost measured in terms of any real-
cost basis. Marx’s theory of value is logically consistent and non-redundant in the
special case of self-replacing equilibrium yet there are a surfeit of real-cost theories to
choose from. The theory of value is therefore under-determined in this special case.
I believe this is necessarily the case on philosophical grounds because value-theory
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must ultimately be a causal theory (e.g. [82]) and change is precisely what is absent
in the Sraffian representation of an economy, in which money can only function as
a means of exchange, rather than a ‘transmission belt’ for the reallocation of social
labour time under conditions of technical change. My hope is that this paper will
relocate the ‘value controversy’ from statics to dynamics.

A major difference between the circular flow representation of simple reproduc-
tion and Sraffa’s surplus equations is the presence of money-capital as a factor of
production. In this sense the circular flow is a monetary-production economy. The
model therefore needs to be related to the wider literature on analyses of monetary-
production [29] and the recent work of Trigg [79] who analyses Marx’s Volume II
reproduction schemes in the context of Keynes, Kalecki and Sraffa. Marx’s theory of
commodity-money is not fully integrated with his transformation procedure because
he assumed that the labour-value of money is exogenously determined and constant
throughout ([45], p.50). In the circular flow we assumed that money is a pure sym-
bol conserved in exchange. Money-capital, which is money supplied to production
that receives a return, is a commodity, not because it is metal that requires direct
labour for its production, but because it has a price and an associated real-cost.
This concept of money as commodity is subtly different from Marx’s concept. Marx
emphasised that the ‘value of money’ must be causally constrained by the ‘value of
the money commodity’ if paper money is to function as a symbol of value at all:
‘Only in so far as paper money represents gold, which like all other commodities has
a value, is it a symbol of value’ ([45], p. 129). I think, therefore, that more work is
required to fully settle on a Marxist theory of the value of money and money-capital.
The concepts of money and money-capital described in this paper should be inte-
grated with the monetary approaches to Marx’s transformation problem pioneered
by Bellofiore [3], who considers bank credit and Schumpeterian themes, and Mose-
ley [51, 52|, who emphasises the causal role of variable capital under conditions of
sequential determination.

Engels, in a subsequent Supplement to Capital, Volume III [16], claimed that
Marx’s law of value underwent a modification in the transition from pre-capitalist
to capitalist economic formations:

Marx’s law of value applies universally, as much as any economic laws
do apply, for the entire period of simple commodity production, ie.
up to the time at which this undergoes a modification by the onset
of the capitalist form of production.... Thus the Marxian law of value
has a universal economic validity for an era lasting from the beginning
of the exchange that transforms products into commodities down to
the fifteenth century of our epoch... a period of some five to seven
millennia. [16]

According to Engels, and arguably Marx, once there are developed markets then
mismatches between supply and demand cause prices to diverge from values, but
the onset of capitalism introduces an additional cause of divergence, the formation
of prices of production, a process that ‘modifies’ the operation of the law of value.

69



The meaning of simple commodity production is a subject of debate in Marxist eco-
nomics. The conclusion of this paper, that prices are proportional to labour-values,
both under conditions of simple commodity production and capitalist reproduction,
removes one of the key assumptions of the debate. The implications of this result
for the logical and historical status of simple commodity production need to be
developed.

Marx’s conservation theorem has implications for Marxist empirical work that uses
Leontief’s input-output tables to calculate Sraffian embodied labour coefficients and
prices of production for real-world economies (e.g., [70, 54, 7]). The motivation for
much of this work is to check whether Marx’s labour-value accounting has operational
validity despite price-value divergences due to profit-rate equalisation. The main
finding is labour-values are closely correlated with both prices of production and
market prices [20]. But the interpretation of this data must be re-examined to the
extent that the Sraffian, or simple commodity production, definition of labour-value
is employed. The task of applying Marxist labour-cost accounting to real-world
data may well be simpler and conceptually clearer once conservative labour-cost
accounting is adopted.

A sceptical stance toward the possibility of a theory of economic value does not
find support in Sraffa’s theory, contrary to prevailing intepretations, because implicit
within Sraffa’s theory is the intuitive and simple value-theoretical principle of real-
cost. Sraffa remarks that his results ‘cannot be reconciled with any notion of capital
as a measurable quantity independent of distribution and prices’ [75]. But this
statement is not complete. In a state of self-replacing equilibrium there are many
measures of capital independent of prices, of which labour-value is just one example.
However, such real-cost measures of capital are dependent on the distribution of real
income. This means that, at least in the case of Marx’s theory of value, Sraffa’s
critique does not hold. This opens up some new possibilities in the theory of value.
For example, Marx’s conservation theorem has implications for Ricardo’s problem of
an ‘invariable measure of value’.

9.1. Towards an invariable measure of value. The problem of real-cost ac-
counting given a Sraffian system W differs from the problem of comparative real-cost
accounting given a pair of Sraffian systems W¥; and W,. In this paper we have been
exclusively concerned with the former problem. The latter problem is closely related
to Ricardo’s search for an ‘invariable measure of value’. Ricardo initially adopted
labour-cost as the invariable measure but, as Bidard explains, became ‘fully aware
of the analytical defects of labour value: (i) the prices are not proportional to labour
contents, (ii) for a given quantity of labour, the price depends on the delay of pro-
duction and (iii) relative prices, but not labour values, are affected by changes in dis-
tribution’ ([5], p. 60). The transformation problem was the obstacle that prevented
Ricardo from using labour-cost as an invariable measure. But, as we have seen, all
these conclusions, at least in the case of self-replacing equilibrium, are false. The
subject of an invariable measure of value is subtle with far-reaching consequences.
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Call k; ;, the real-cost of 4 in terms of %, the index-cost. k;; = 1 is true by definition
for all ¥ and is independent of changes of technique or income distribution. Given
a Sraffian system ¥ we can choose any commodity as a real-cost basis. Let’s choose
labour. For Marx ‘the value of labour-power is determined, as in the case of every
other commodity, by the labour-time necessary for the production, and consequently
also the reproduction, of this special article. So far as it has value, it represents no
more than a definite quantity of the average labour of society incorporated in it’
[44]. The value of the real wage is vw'. As pw! = w then by proposition, 8.1
VWl = ky11041 = 1. This follows by definition 5.6: the real-cost of i in terms of i is
1. So the labour-cost of labour is 1.

Marx did not reason in terms of input-output models in states of self-replacing
equilibrium. Overall, his analysis is irreducibly dynamic and sequential, rather than
self-replacing and simultaneous. In the special case of equilibrium it just so happens
that the composition and size of the real-wage is irrelevant to the determination of
the index-cost of labour. In a circular flow a ‘definite quantity of the average labour
of society’ is precisely equal to that very same quantity of average labour. There is
no escape from circularity. For example, in every state of self-replacing equilibrium
the production of 1 hour of labour-time uses-up 1 hour of labour-time (full capacity
utilisation under the vertical integration interpretation); alternatively, in every state
of self-replacing equilibrium 1 hour of labour-time is exchanged for 1 hour of labour-
time (non-arbitrage condition under the market exchange-rate interpretation). To
think otherwise is a conceptual error. Compare measuring the length of a metre
in terms of metres. Index-cost is fixed in equilibrium and invariant; it therefore
is an absolute not relative measure. In this sense, any index-cost is an invariable
‘measuring rod’.

The convention of unit index-costs ultimately derives from the theoretical abstrac-
tion that all instances of a commodity-type are qualitatively identical. To assume
that a unit of corn is identical to another unit of corn is relatively harmless; to as-
sume that an hour of labour is qualitatively identical to another hour requires more
thought and justification (compare Krause’s critique of the ‘dogma of homogeneous
labour’ [35] with Rubin’s [65] concept of abstract labour, analysed in a simplified
dynamic context in [82]). But as homogeneous labour is a common assumption of
linear production theory we will be content to simply assume it here. The convention
of unit index-cost also derives from the theoretical abstraction that all instances of
a commodity-type are produced under quantitatively identical circumstances. This
holds in unchanging equilibrium states, in which the distinction between replace-
ment cost and historical cost is effaced, but not between equilibrium states, in which
replacement cost and historical cost diverge. But this leads to dynamics, which we
do not consider. The concept of unit index-cost differs in content but not in form
from Smith’s famous proposition that ‘equal quantities of labour, at all times and
places, may be said to be of equal value to the labourer’ [74]. The main difference is
that index-cost is objective; it has no relation to mental state.
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In contrast, the Sraffian real-cost ‘measuring rod’ is not properly constructed. The
Sraffian value of labour-power, vw?, is not invariant to a change in income distri-
bution or technology. In general, index-costs are not 1 in Sraffian accounting. A
change in the configuration of the economy changes the size of the value ‘measuring
rod’. Compare measuring the length of a road while the length of a metre varies.
Sraffa’s standard commodity is designed to be a ‘measuring rod’ that is invariant to
changes in the distribution of income (but not technical change). But once conser-
vative real-cost accounting is adopted there is no need for the standard commodity.
Comparative real-cost evaluation of commodities in two arbitrary Sraffian systems
U, and ¥, is potentially both simpler and more general compared to the Sraffian
approach. But this is a topic for future work. The implications of Marx’s view that
Ricardo’s ‘problem of an “invariable measure of value” was simply a spurious name
for the quest for the concept, the nature, of value itself’ [46] deserves a separate
analysis.

10. CONCLUSION

The two main conclusions of this paper are: (i) the value-theoretic principle of
real-cost is implicit in Sraffa’s theoretical framework (prices of production are pro-
portional to real-costs, corollary 6.3), and (ii) when this principle is applied to Marx’s
labour theory of value the transformation problem is solved (Marx’s conservation
theorem 8.4).

The ‘value controversy’ is the history of a real-cost accounting error that omits the
labour-cost of money-capital. In general, Marxists assume price-value divergence but
maintain aggregrate conservation of value in price, whereas neo-Ricardians assume
price-value divergence but deny aggregrate conservation of value in price. Yet under
conditions of self-replacing equilibrium both sides of the argument are mistaken:
there is no price-value divergence and there is aggregate conservation. Overall the
value controversy is resolved in favour of Marx’s theory of value.

To rediscover the value-theoretic principle of real-cost required a root-and-branch
conceptual critique of two major assumptions of Sraffa’s system: (i) the choice of
an undistributed surplus at the cost of an interrupted circular flow, and (ii) the
omission of money-capital as a commodity that enters into the production of other
commodities. By closing Sraffa’s surplus equations we conserve Marx. Sraffa’s theo-
retical contribution is therefore key to the further development of the classical theory
of value, which found its highest expression, not in Ricardo, but Marx. For it was
Marx, in opposition to Ricardo, who maintained that the contradiction between the
law of value and uniform profits was only apparent. Although Marx did not complete
his transformation procedure his scientific instincts on this point were nonetheless
sound.
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Appendices
APPENDIX A. PROOF OF LEMMA 4.8
Proof. First, recall that the total money-capital supplied is M = qm?. Then
M =pA*q",
by equation (11). Expanding,
M = pAq" +pw'lq’.

Then

(56) M = pAq'+ %prqu
(57) = pAq' +pw',

by lemma 4.3.

Second, multiply both sides of the Sraffian quantity equation (6) by prices p,
(58) pc’ =pq" —pAq" —pw",
and substitute (57) into (58) to get

pc' =pq' —mq'.
Then
pct = mq'(1+7)—mq"

= mq'r,

by equation (10). But M = qm?; therefore
pct = Mr.
By lemma 4.7,
péT =r.

APPENDIX B. PROOF OF PROPOSITION 5.1

Proof. Let n denote the nth index in sequence S. Consider the edge from node
{n,n + 1} in the real-cost graph. The real-cost associated with the edge, or edge-
cost, 1S kpt1,. By lemma 5.3, k41, = kp nkn+1 where b is the start and end node.
So edge-cost {n,n + 1} is equivalent to the edge-cost {n, b} multiplied by edge-cost
{b,n +1}.

Consider edge {n + 1,n + 2} with edge-cost k,i2,+1 = kbpni1kni2p. By lemma
5.5, the edge-cost {n,n + 2} is knyon = knty1nkniont1 = kpnkniop. Hence edge-cost
{n,n+1} multiplied by edge-cost {n+1,n+2} is equal to edge-cost {n, b} multiplied
by edge-cost {b,n + 2}.

By induction, multiplying the edge-costs of sequence {n,n + 1,...,n + m} is
equivalent to multiplying the edge-costs of sequence {n,b,n + m}. For any closed
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loop S of length m, n = b and n + m = b. Thus multiplying the edge-costs reduces
to the multiplying the edge-costs of sequence {b, b, b}, which is kypksp = 1. 0

APPENDIX C. PROOF OF THEOREM 6.2

Proof. By equation (23), circular flow quantities, when expressed in terms of quantity
of supplied capital, are

o o (At []* o o
(59) a2 =alnrd | B8 T [ oo,
where M° = gy, by definition. Let q° = q°[n + 1,n + 2] be the quantities of all

commodities, excluding the amount of labour and money capital. Then (59) can be
written as

[ o I° ] _ [ Q°[A°]T +w°L° q[1°]” } n [ M 0 }7
where L° = g, , by definition. Hence, we get two equations

(60) ¢ =q[A°]T + WL’ +c°M°

(61) Lo =gt

Similarly, by equation (23), circular flow quantities, when expressed in terms of the
quantity of labour, are

Q°ln+1] =q°[n+1] [ [A(_;]T [m(;]T ] +[we 0]L
(¢ M°] =[ A" +eM qm]" |+ [ wL° 0]
Hence
(62) M° = q‘[m°]".
By definition w°® = w°L° and ¢® = ¢°M°. Hence, equation (60) can be written as
(63) Q= q°[A°]" +w° +c°.

Consider the Sraffian system W. By theorem 5.1 ¥ determines a circular flow Cy.
Hence, equation (63) corresponding to Cy is identically the quantity equation of the
Sraffian system ¥ and q = q°.

Also, L =ql" = q*[I°]" = L° and M = gm" = °[m°]" = M°.

Combining, [q, L, M] = q°, as required. O

APPENDIX D. CORN ECONOMY NUMERICAL EXAMPLE

In this section Sraffian labour-cost accounting is compared to real-cost accounting
in the context of a simple corn economy, which has the pedagogical advantage that
the dimensionality of the numerical example is at a minimum. Note however that
the results hold for arbitrary numbers of commodities.

First, we examine the case of simple commodity production, in which Sraffian
labour-costs are consistent with real-costs. Second, we examine the case of capitalist
simple reproduction, in which the Sraffian real-cost accounting error is apparent.

74



D.1. Simple commodity production. Consider a corn economy in which 1 ton
of corn and 2000 hours of labour are required to produce 5 tons of corn:

Corn in Labour in Corn out
1 2000 5 ’

Capitalists are absent so workers consume all the net product.
The technique is A = a;; = 1/5, a degenerate 1 x 1 matrix, and direct labour
coefficients 1 = [; = 400.

D.1.1. Sraffian labour accounting. Sraffian labour-cost accounting is

v = vA+1
1
V1 = ’Ulg + 400,

which solves to give a labour-cost of v; = 500 for corn.

D.1.2. Real-cost labour accounting. Instead of directly applying equation (43) of
lemma 8.1 let’s start from the Sraffian open representation, construct the circular
flow representation, and then apply the principle of real-cost. In this case of simple
commodity production, Sraffian labour accounting is consistent with real-cost labour
accounting (corollary 8.2), so we expect that this procedure will yield the same result
of v; = 500 for corn.

Definition 4.3 The Sraffian system is given by

v = (A, Lw,c)
= (al,lvllawlacl)
= (1/5,400,4,0),
as the real-wage is 4 tons of corn (1 ton to replace the stock of corn), and there is

no capitalist consumption.
Lemma 4.1 Composition of gross output is

q = qAT+w+ec
@1 = qai1n +wq
1
= Q1g + 45

which solves to give ¢; = 5, as expected.
Lemma 4.2 Total quantity of labour is

L = gl
= qlh
= 2000.
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Lemma 4.3 Worker consumption coefficients (or real-wage per hour) are

w = w/L
w = wl/L
= 1/500.

Theorem 5.1 The circular flow representation is

— T 2T
Cy — ? “6 CO _la w | [ 1/5 1/500
LA |1 0|~ ]400 0 '

Lemma 5.4 Real-costs are given by
k;[j] = CyliILy.
Hence labour cost of corn is

’U~1 :kl,Q = C(Q)[Q]LQ

Il
o~

=
—
—t

I

S

=

R
SN—
|

as expected.
Lemma 5.5 The corn-cost of labour is 1/500.

D.1.3. Summary. In simple commodity production, Sraffian labour accounting is
consistent with real-cost accounting. Both give v; = ¥; = 500 hours.
D.2. Simple reproduction. Consider the economy

Corn in Labour in Corn out
2 4000 10

Assume that workers consume the same real-wage as before, w; = 4, and a capitalist
class consumes the remainder of the net product.

As before, the technique is A = a;; = 1/5, a degenerate 1 x 1 matrix, and the
direct labour coefficients are 1 = [; = 400.

D.2.1. Sraffian labour accounting. Sraffian labour accounting in simple reproduction
is identical to the case of simple commodity production,

v = vA+1
1
V1 = Ulg + 400,

which gives the same answer, v; = 500 for corn, as before.
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D.2.2. Real-cost labour accounting. In the case of simple reproduction, Sraffian
labour accounting is not consistent with real-cost labour accounting (Lemma 8.1),
as we will now demonstrate.

Again, we’ll take a longer route and avoid directly applying equation (54) of
Lemma 8.5. Instead we’ll start from the Sraffian open representation, construct
the circular flow representation, and then apply the principle of real-cost.

Definition 4.3 The Sraffian system is

¥ = (A, Lw,c)
(al,la ll: wh, Cl)
(1/5,400, 4, 4),

as capitalists consume 4 tons of corn.
Lemma 4.1 Composition of gross output is

q = gAT+w+c
@ = Qo t+wt o
1
= Q15+4+4,

which solves to give ¢; = 10, as expected.
Lemma 4.2 Total quantity of labour is

L = gl
a1l
4000.

Lemma 4.3 Worker consumption coefficients (or real-wage per hour) are

w = w/L
w = wl/L
= 1/1000.

Note that the real-wage per hour is smaller in this economy compared to the previous
economy.
Lemma 4.4 The rate of profit is » = (1/\,) — 1, where

pAT = \p
P(A+w'l) = Ap
pi(a +uwilh) = Api,

which gives A, = 3/5. Hence r = 2/3 (= 66.7% as an advance of 6 units of corn
yields a profit of 4 units of corn).
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Lemma 4.5 The money-capital coefficients are determined up to a numéraire equa-
tion

m = \p
o
1 5

This dependency is later eliminated as real-cost labour values are independent of the
choice of numéraire.
Lemma 4.6 The total money-capital is

M = gm’
= qm
= 6p1
Lemma 4.7 Capitalist consumption coefficients are
¢ = c¢/M
51 = Cl/M
2
3
Theorem 5.1 The circular flow representation is
A WT (ZT a1,1 Wy C1 1/5 1/1000 ?:p%
Ce=|1 0 0 |= I, 0 0 | =1400 0 0
m 0 0 mi 0 0 L 0
Lemma 5.4 Real-costs are given by
k;[j] = Cys]L;-
Hence the labour-cost of corn and the labour-cost of money-capital is

= Cp2J(I-c22)~"
= [h 0][ 45 _3’7]

_3m
5 1

5) 1 2
= [k 0]5[3171 3ZI:|
5 5

Hence,
5

So the labour-cost of corn is v; = 1000, which differs from the Sraffian result of
v; = 500, as expected.

Lemma 5.5 The corn-cost of labour is 1/1000. (Compared to simple commodity
production the workers work more hours per unit of corn consumed).
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D.2.3. Summary. Sraffian labour-values (v;) and real-cost labour-values () are con-
sistent in simple commodity production because the commodity money-capital is
absent.

Sraffian labour-values and real-cost labour-values are inconsistent in capitalist sim-
ple reproduction because Sraffian accounting omits the the labour-cost of money-
capital. The labour-cost of capitalist consumption is not accounted for.

Perhaps the best way to see this is to consider the reduction to ‘dated’ labour
representation, in which each term of the expansion of the labour-cost equation is
considered to represent production in a previous ‘round’.

Sraffa’s ‘dated’ labour representation is

(64) v = 1I-A)"!
(65) V1 = ll [1+a1,1+ai1+ai’,1—|—...].

The usual interpretation of this expansion is that the labour-value of corn is the
sum of all the labour required in all the previous ‘rounds’. Reading the terms in the
expansion we can see that to produce 1 unit of corn requires [; labour in the last
round, plus /1a1,; labour in the previous ‘round’ to produce the corn input, and so
on, ‘vertically integrating’ back up the causal chain until the series converges. But
Sraffian accounting does not count all the labour, as we shall now see.

Lemma 8.1 In simple reproduction real-cost values may be written as,

v=10I-A)",

where A = A + ¢ m is the technique augmented by capitalist consumption.

A = A+c'm

a1, = G111+ €1y
~ _ 2 3p
a1, = a1+ 301 5
2
= a1+ 5
The real-cost ‘dated’ labour representation is therefore
(66) v = 1(I-A)"
. 2 2.9 2.3
(67) o= L|1+ (a1 + 5) + (a1, + 3) + (a1,1 + 3) + ...

Compare equation (67) to equation (65). The extra 2/5 term, absent in Sraffian
accounting, augments a;; and represents the corn required to supply the money-
capital necessary to produce 1 unit of corn. In other words, capitalists consume 4
units of corn per 10 units of corn produced. This corn is a socially necessary cost of
production under capitalist conditions.

Real-cost labour-values count the labour-time required to produce the capitalist
consumption bundle whereas Sraffian labour-values do not. This labour-time is miss-
ing in Sraffian accounting because money-capital is not considered a commodity with
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an associated real-cost. Sraffian labour-cost accounting is consistent with the prin-
ciple of real-cost only in simple commodity production, that is production absent a
capitalist class.
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